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Calibration of relative density for dense sand using CPTs under 
high stresses
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Abstract: Currently, there is a lack of in-situ or model test results for cone penetration tests (CPTs) conducted 
in deep, dense sand layers under high overburden stresses, restricting the development of empirical 
relationships between CPT results and the characteristics of such deep, dense sand layers. This study addresses 
this gap by proposing an empirical relationship to predict the relative density of dense silica sand based on stress 
level and cone tip resistance. The relationship was developed through CPTs performed in a calibration chamber 
using dense sand specimens (with relative densities of 74%-91%) subjected to high stresses (under overburden 
stresses of 0.5-2.0 MPa) and numerical simulations employing the large deformation finite element method. The 
Arbitrary Lagrangian Eulerian method was used to regularly regenerate the mesh to prevent soil element 
distortion around the cone tip. Additionally, the modified Mohr-Coulomb model was integrated to capture the 
stress-strain behavior of dense silica sand under high stresses. A reasonable agreement was achieved between 
the numerical and experimental penetration profiles, which verifies the reliability of the numerical model. A 
sufficient number of parametric analyses were carried out, and then an empirical equation was proposed to 
establish the relationship between the relative density of dense sand, stress level and cone resistance. The 
empirical equation provides predictions with acceptable accuracy, as the discrepancies between the predicted and 
measured relative density values fall within ±30%.
Keywords: deep silica sand； dense sand； cone penetration tests； high stresses； calibration chamber； large 
deformation finite element

高压静力触探试验标定密实砂土的相对密实度
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摘 要：高应力水平下深部密实石英砂层中的静力触探原位试验或模型试验数据极少，难以建立

静力触探试验结果与深部密实砂层工程性质间的相关性。进行高压标定罐试验，以砂雨法制备相

对密实度为 74%~91% 的密实砂样，在 0.5~2.0 MPa 的高应力水平下开展标定罐中的静力触探试

验。采用修正摩尔库伦本构模型描述高应力水平下密实石英砂的应力-应变响应，并纳入任意拉格

朗日-欧拉大变形有限元方法，对静力触探试验进行数值模拟。这种大变形方法能有效避免锥尖周

围土体网格的严重扭曲，保证计算收敛。数值模拟与标定罐试验结果基本吻合，证明了大变形分

析的可靠性。总结试验和数值数据发现，锥尖贯入阻力是砂土相对密实度和所处应力水平的函
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数，且仍可采用低应力水平下函数表达的基本形式。进行充分数量的变动参数分析，拟合得到高

应力水平下密实石英砂相对密实度预测公式中的参数，将公式预测结果与标定罐试验结果对比，

发现预测效果较好，相对误差小于 30%。

关键词：深部石英砂；密实砂土；静力触探；高应力水平；标定罐；大变形有限元
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1　Introduction

Dense or very dense sand layers formed under 
high stresses frequently occur in onshore and offshore 
practices.  For example, the piles supporting high-

rise buildings and nearshore fixed platforms are 
driven to depths exceeding 60 m or even deeper than 
100 m[1-3].  The relative densities of deep sand layers 
near the piles were typically larger than 60%, with 
the overburden stresses (effective stress) of at least 
0. 5 MPa[1-2].  Another example is that in the second 
natural gas hydrate production test in the eastern 
Nankai Trough, the production wells were inserted 
into the sandy reservoir layer at depths ranging from 
275. 8 m to 337. 3 m underneath the seabed surface.  
This sandy layer is subjected to vertical effective 
stresses of approximately 1. 5 MPa, with relative 
densities reported to be greater than 70%[3].

It is hard to obtain high-quality samples of silica 
sands in most geological investigations.  Therefore, 
due to its cost-effectiveness and rapid characteriza⁃
tions, the in-situ cone penetration test (CPT) has 
been used widely to determine soil properties[4-5].  For 
CPT tests, a large number of chamber tests, in-situ 
measurements, and numerical studies have been con⁃
ducted during the last five decades to obtain the rela⁃
tive density, internal friction angle, and over-consoli⁃
dation ratio of sand through the cone tip resistance 
measured[4-6], and several empirical relationships be⁃
tween the relative density, overburden stress, and 
tip resistance have been proposed[7-10].  Conventional⁃
ly, most of the studies were conducted under over⁃
burden stresses below 0. 5 MPa.  Most recently, 
Kong et al. [11] conducted chamber tests of CPT with 
overburden stresses ranging between 0. 5-2. 0 MPa.  
However, the relative densities of their sand speci⁃
mens were limited to 45. 2%-62. 1% due to limita⁃
tions on specimen preparation.  Furthermore, several 
sand types in practical applications are beyond the up⁃
per limit of their range[1-3].

In addition to model tests conducted in the cali⁃

bration chamber, finite element methods are widely 
employed to elucidate the mechanisms of CPTs in 
sand[12-14].  To mitigate excessive mesh distortion during 
penetration, the Arbitrary Lagrangian Eulerian (ALE) 
approach, integrated within the commercial package 
Abaqus, has been significantly advanced[15].  The ALE 
is an r-adaptive method, which conducts frequent mesh 
generations near the penetrometer[15-16].  Notably, it 
preserves the mesh topology and allows the mesh to 
move independently of the material to eliminate possible 
mesh distortion[16].  During this process, a combination 
of Lagrangian and Eulerian steps is used.

In this paper, CPTs in a calibration chamber 
and numerical simulations using the ALE method 
were conducted for deep, dense sand layers with 
overburden stresses greater than 0. 5 MPa and rela⁃
tive densities exceeding 65% to establish an empiri⁃
cal relationship between the relative density, overbur⁃
den stress, and tip resistance.  A modified Mohr-Cou⁃
lomb (MMC) constitutive model, similar to the mod⁃
els used by Mohammadi et al. [17] and Hu et al. [18], 
was adopted in numerical simulations to describe the 
stress-strain relationship of the silica sand.

2　Arrangement of tests

2. 1　Equipment
The Ocean University of China developed the 

calibration chamber used in this study.  It is a double-

wall chamber designed to accommodate a cylindrical 
soil specimen with dimensions of 600 mm in diameter 
and 750 mm in height.  A membrane made of natural 
and abrasion-resistant rubber enclosing the soil speci⁃
men was used in this chamber to independently con⁃
trol the axially symmetric lateral pressure, which 
was applied by water pressure.  Vertical pressure was 
applied by a hydraulic cylinder connected to the base 
of the specimen.  The maximum cell pressure used in 
the calibration chamber does not exceed 5 MPa.  Var⁃
ious control and measurement devices are integrated 
into the calibration chamber to monitor the lateral 
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pressure, vertical pressure, and specimen base dis⁃
placement.

In the chamber, a cone with a diameter of D=
20 mm and an apex angle of 60° penetrated the sand 
at a constant rate of 20 mm/s.
2. 2　Preparation of specimens and testing conditions

During this study, reconstituted fine Qingdao 
silica sand specimens were prepared and tested in the 
calibration chamber.  The specific gravity of particles 
in the sand was 2. 65, with a mean particle size D50 of 
0. 173 mm and a coefficient of uniformity of 1. 70.  
The Poisson’s ratio υ was taken as an empirical val⁃
ue of 0. 35.  The particle size distribution is presented 
in Fig.  1.  The maximum and minimum void ratios 
for the sand are emax=0. 949 and emin=0. 490, respec⁃
tively.

Typically, the sand around the conical probe is 
involved under drained conditions.  According to the 
findings reported by Kluger et al. [19], there is no sig⁃
nificant disparity in tip resistance between dry and sat⁃
urated sand specimens when the confining stress ex⁃
ceeds 0. 2 MPa.  Therefore, dry silica sand speci⁃
mens were used in this study to save testing efforts.

The reconstituted sand specimens were pre⁃
pared using the pluvial deposition technique.  The 
sand was placed in a gravity mass sand spreader posi⁃
tioned above the chamber, as shown in Fig.  2.  The 
opening size of the spreader and the drop height of 
the sand influence the relative density (Dr, in the ab⁃
sence of further specification, throughout this paper, 
relative densities mentioned refer to those obtained af⁃
ter consolidation) of the specimens significantly.  To 
prepare specimens with Dr of 74. 1%-77. 4% and 
80. 7%-90. 9%, the opening sizes of the spreader 
were set at 2 mm and 1 mm, respectively, with a 
sand drop height of 1 300 mm for both cases.  During 

the specimen preparation process, once the surface of 
the sand specimen reached the markings made at in⁃
tervals of 0. 1 m inside the calibration chamber, the 
sand spreader was raised by 0. 1 m to ensure that the 
drop height of the sand remained constant.

CPTs were performed on dense silica sand spec⁃
imens reconstituted to different Dr and consolidated 
under three confining pressures σ ′v (0. 5, 1. 0, 2. 0 
MPa, each applied isotropically).  Four cutting rings 
with bases were used to measure the Dr of each speci⁃
men.  Each cutting ring has a volume of 200 cm3 and 
was placed at the bottom of the chamber.  The steady 
cone tip resistance qc approaches at the penetration 
depth of around 10D.  The results of CPTs in the cal⁃
ibration chamber are presented in Table 1.

3　Numerical analysis

3. 1　Soil model and material properties
The classic Mohr-Coulomb model specifies the 

internal friction angles and dilation angles as fixed val⁃
ues; thereby, it cannot account for the effect of strain-

softening and dilatancy.  To overcome the limitation, 
a modified Mohr-Coulomb model was developed by 
Hu et al. [18] has been incorporated into the numerical 
analysis.  The MMC model makes the internal fric⁃
tion angle φ and dilation angle ψ as dependent vari⁃
ables of the accumulated plastic shear strain γ.  The 

Fig. 1　Particle size distribution of Qingdao sand

Table 1　Measured tip resistances in the chamber

Dr/%
74. 1
77. 4
82. 3
80. 7
82. 3
80. 7
90. 9

e

0. 609
0. 594
0. 571
0. 579
0. 571
0. 579
0. 532

σ ′v/MPa
1. 0
2. 0
0. 5
1. 0
0. 5
1. 0
2. 0

qc measured/MPa
43. 7
52. 0
28. 8
46. 7
35. 1
50. 7
64. 9

Fig. 2　Sand spreader mounted on the top of the chamber
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relation is shown schematically in Fig.  3, where the 
internal friction angle increases linearly from the ini⁃
tial value, φi, to the peak value φp and then reduces 
linearly to the critical value φcv, which means reach⁃
ing the critical state.  As for the dilation angle, it re⁃
mains 0 when γ < γ1 because the Mohr-Coulomb 
model cannot converge with a negative dilation an⁃
gle.  The dilation angle also increases linearly to the 
peak value ψp before the accumulated plastic shear 
strain reaches γ2 and then remains at ψp until γ3.  Ad⁃
ditionally, the dilation angle reduces linearly when 
γ 3< γ < γ4, and finally returns to 0 at the critical 
state.  Notably, the strain-hardening or strain-soft⁃
ening behavior during shearing depends on the sand’
s relative density and stress level.  The MMC 
model degenerates to the traditional Mohr-Coulomb 
model when sand specimens are contractile and 
strain-hardening.  This means the internal friction an⁃
gle remains at φcv, and the dilation angle remains at 
0.  By following Hu et al. [18] and Zheng et al. [20], φi 
was specified as the same as φcv, γ1, γ2, γ3 and γ4 
were taken as 1. 0%, 1. 2%, 5. 0% and 15. 0%.

The bender element tests were performed in a 
triaxial apparatus to determine the maximum elastic 
shear modulus Gmax under a small strain level of 10-6.  
After each time the specimen was consolidated under 
the mean effective stress p′, the void ratio e and Gmax 
were obtained by determining the volume change and 
bender element tests, respectively.  Gmax can be seen 
as a function of e and p′[21].  In this study, we adopted 
the correlation proposed by Chow et al. [22], as depict⁃
ed in Equation (1)， Pa is the atmospheric pressure, 
and the parameters were empirically fitted to C1=
800, C2=1. 95 and C3=0. 7.  The bender element 
test results are presented in Table 2.

Gmax = C 1
( )C 2 - e

2

1 + e ( p ′
P a )

C 3

P a （1）

The elastic shear modulus G of the MMC model 
is under a strain level of 10-2.  Following the ap⁃
proach proposed by Loukidis et al. [23], the elastic 
shear modulus in the MMC model was obtained 
through G=Gmax/T.  According to the method recom ⁃
mended by Papadimitriou et al.  [24] and Pei et al.  [25], 
T was taken as 4. 3 for CPTs in sand.

Drained triaxial tests were carried out to deter⁃
mine the φ and ψ.  A shearing rate of 0. 5%/min was 
adopted for all tests.  φp and φcv can be obtained ac⁃
cording to specimens’ peak strength and critical 
strength, respectively.  φcv was taken as 33. 8° , 
which agrees with triaxial test results.  The peak 
slope of the curve showing the change in sand speci⁃
men volume strain with axial strain can be used to ob⁃
tain the value of ψp.  Referring to the form of the origi⁃
nal Bolton formula as Equation (2) -Equation (4) [26], 
the parameters were empirically fitted to m=3. 2 and 
k=1. 3.  IR is the coefficient of dilatancy.

IR = D r(10 - ln p ′)- 1 （2）
φ p - φ cv = mIR （3）
ψ p = k (φ p - φ cv ) （4）

3. 2　Finite element modeling
ALE, a large deformation finite element ap⁃

proach with explicit integration schemes in the com ⁃

Table 2　Bender element test results

e

0. 627
0. 620
0. 615
0. 610
0. 607
0. 600
0. 593
0. 590
0. 584
0. 597
0. 591
0. 585
0. 581
0. 577
0. 570
0. 564
0. 561
0. 556

p′/MPa
0. 1
0. 2
0. 3
0. 4
0. 5
0. 7
1. 0
1. 2
1. 5
0. 1
0. 2
0. 3
0. 4
0. 5
0. 7
1. 0
1. 2
1. 5

Gmax/MPa
119. 6
175. 8
222. 2
263. 2
301. 1
370. 5
459. 5
515. 7
592. 7
126. 7
186. 4
235. 6
279. 0
319. 2
392. 7
487. 1
547. 6
629. 4

Fig. 3　Variations of internal friction and dilation angles 
of the MMC model
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mercial package Abaqus[15], was used to mimic the 
cone penetration tests.  We simplified the cone pene⁃
tration into sand as an axis-symmetric boundary value 
problem.  The ALE model of CPT is shown in Fig.  4.  
It is essential to ensure the effectiveness of mesh 
moving to eliminate possible mesh distortions when 
the calculation results are not affected; as a solution, 
a smooth rigid tube that moved together with the 
cone was set between the cone and soil by following 
Fan et al. [27].  In doing so, we let the leftmost soil ele⁃
ments move outwards to the axis of symmetry in⁃
stead of inwards.

For the two-dimensional axisymmetric calcula⁃
tion, the width and height of the soil domain are 28D 
and 42D, respectively, while D represents the cone 
diameter and is 20 mm.  The dimensions of the soil 
domain have been proven to be sufficiently large to 
avoid boundary effects.  To reduce the computational 
load, an ALE region with a width of 10D is imple⁃
mented for mesh adjustment.  Based on preliminary 
calculations, the element size within the ALE region 
is set to D/8.  The mesh quality in the ALE region 
must also be maintained after node position adjust⁃

ments to avoid distortion.  For this purpose, the built-
in geometric enhancement form of the mesh smooth⁃
ing method in Abaqus is employed.

The penetration velocity of the cone was set to 
20 mm/s, which was sufficiently slow to ensure a 
quasi-static analysis.  The lateral earth pressure coef⁃
ficient K0 was set to 1 to facilitate a comparison with 
calibration chamber tests.  The hard contact algo⁃
rithm was also employed to simulate the interaction 
between the penetrometer and the soil.  Given that 
the lateral frictional resistance on the penetrometer in 
sand is significantly smaller than the tip resistance, 
the frictional stress at the interface between the cone 
and sand was set to 0.

4　Verification

Fig. 5 compares the tip resistance results from 
numerical simulations and calibration chamber tests.  
The relative densities corresponding to each curve 
can be determined through Table 1.  It can be ob⁃
served from the calibration chamber test results that 
each tip resistance curve can be divided into three dis⁃
tinct stages.  In the first stage, where the penetration 
depth varies from 0 to 1. 5D, the tip resistance grows 
nearly linearly with the depth.  This growth rate is al⁃
so positively associated with both the σv′ and the Dr 
of the sand specimen.  The second stage occurs be⁃
tween the penetration depth of 1. 5D and 10D, dur⁃
ing which the slope of increase in the tip resistance 
decreases, and the value of the tip resistance demon⁃
strates a progression towards stabilization as the pen⁃
etration depth increases.  Finally, the tip resistance 
maintains a substantially stable condition in the third 
stage, where the penetration depth surpasses 10D.

Fig. 4　ALE model of CPT

(a) Dr=74.1%-77.4% (b) Dr=80.7%-82.3% (c) Dr=80.7%-90.9%

Fig. 5　Comparison of calibration chamber and ALE results
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Under high stresses, the qc continues to increase 
with higher values of Dr and σv′ in sand specimens.  
Comparing the results from calibration chamber tests 
on specimens with Dr of 74. 1%-77. 4%, the qc value 
at σv′ of 2 MPa is approximately 1. 19 times higher 
than that at σv′ of 1 MPa.  Meanwhile, for specimens 
with Dr of 80. 7%-90. 9%, the qc values at σ v′ of 
1 MPa and 2 MPa are approximately 1. 44 and 1. 85 
times higher than that at σv′ of 0. 5 MPa.  This indi⁃
cates that, under high stresses, qc remains dependent 
on the confining pressure.  Under equivalent σv′, the 
qc values of sand specimens with Dr of 80. 7%-90. 9% 
are found to be within the range of 1. 16 to 1. 25 
times higher than the qc values of specimens with Dr 
of 74. 1%-77. 4%.  Thus, under high stresses, qc re⁃
mains dependent on the relative density.

Generally, a reasonable agreement was achieved 
between the numerical and calibration chamber test 
results.  These findings indicate that the MMC model 
and the ALE method effectively simulate the cone 
penetration test process in dense silica sands under 
high stresses.  From the results, it can be observed 
that:

(1) When the penetration depth exceeds 10D, 
the numerical tip resistance results remain relatively 
stable, with any fluctuations in the data attributed to 
an acceptable noise level.

(2) qc exhibits significant similarity between the 
results obtained from calibration chamber tests and 
numerical simulations.  The tip resistance results 
from the two methods exhibit close agreement for 
sand specimens with σv′ of 0. 5 MPa and 1 MPa.  For 
sand specimens with σv′ of 2 MPa, the qc values from 
numerical simulations for sand specimens with Dr of 
77. 4% and 90. 9% are approximately 26. 1% and 
11. 1% greater than the qc values from calibration 
chamber tests, respectively.

5　Estimating Dr based on qc and σv′

A parametric analysis was conducted to estab⁃
lish a quantitative relationship between the qc, σv′, 
and Dr for dense silica sands under high overburden 
stresses; the numerical results are presented in Table 
3.  Gmax was determined using Equation (1), while the 
φp and ψp were calculated based on Equations (2) -

Equations (4).

Upon comparing the results at Dr of 65% and 
85%, it was observed that under the same σv′, the qc 
value at Dr of 85% is approximately 1. 24 times 
greater than that at Dr of 65%.  When considering 
different values of σv′, the qc values under σv′ of 
0. 8 MPa, 1. 0 MPa, 1. 3 MPa, 1. 6 MPa, and 2. 0 MPa 
were found to be 1. 36 times, 1. 6 times, 1. 87 
times, 2. 15 times and 2. 34 times greater than those 
under σv′ of 0. 5 MPa, respectively.

Upon synthesizing the numerical results across 
all 24 distinct conditions, it was observed that the 
empirical correlation proposed by Lunne et al.  in 
equation (5) for predicting Dr based on qc and σv′ 
remains valid under high overburden stresses ranging 
from σv′=0. 5 MPa to 2 MPa[7].  Notably, this 
correlation was initially developed based on CPT 
results conducted on silica sands with overburden 
stresses less than 0. 5 MPa.  In the context of dense 
silica sand under high overburden stresses, the 
empirical fitting of equation (5) resulted in the 
following parameter values: k1=0. 737, n=0. 582, 
and k2=2. 74.

Table 3　ALE numerical results

Dr/%

65

75

85

95

σv′/MPa
0. 5
0. 8
1. 0
1. 3
1. 6
2. 0
0. 5
0. 8
1. 0
1. 3
1. 6
2. 0
0. 5
0. 8
1. 0
1. 3
1. 6
2. 0
0. 5
0. 8
1. 0
1. 3
1. 6
2. 0

qc/MPa
25. 8
34. 5
40. 8
46. 5
54. 4
58. 9
29. 0
39. 3
44. 0
51. 9
61. 8
64. 5
30. 7
42. 7
49. 9
59. 3
67. 5
73. 8
36. 0
49. 4
53. 9
69. 1
74. 6
75. 5
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D r = k1 ln
é

ë

ê
êê
ê
ê
ê ù

û

ú
úú
ú( )q c

P a ( )σv ′
P a

n

- k2 (5)

According to Equation (5), the predicted values 
of Dr were calculated based on the measured values 
obtained from calibration chamber tests conducted on 
dense sand specimens subjected to high stresses in 
this study.  These results are illustrated in Fig. 6, 
including the model test results from Lunne et al. [7], 
Pournaghiazar et al. [8], Sadrekarimi et al. [10], Kluger 
et al. [19], Bolton et al. [28] and Kong et al. [11].  The test 
results from the first five studies were obtained under 
low overburden stresses.  In contrast, those from 
Kong et al.  were obtained under high overburden 
stresses.  The types of sand used in the six studies 
were fine to medium Ticino sand[7], Sydney sand[8], 
Fraser River sand[10], medium-coarse to coarse 
Ticino sand[19], fine Fontainebleau sand[28], and fine 
Qingdao sand[11].

A reasonable agreement was achieved between 
the predicted and measured Dr.  Equation (5) effec⁃
tively predicts the Dr of sand specimens under high 
and low overburden stresses.  Moreover, discrepan⁃
cies between the predicted and measured values fall 
within the range of ±30%.

6　Conclusion

Cone penetration tests were conducted in a cali⁃
bration chamber using dense sand specimens under 
high stresses in conjunction with a numerical study 
employing the ALE method.  The results of the cali⁃
bration chamber tests and numerical simulations dem ⁃
onstrate reasonable agreement, providing the follow⁃
ing key findings:

(1) Based on the numerical results obtained from 
dense sand specimens under high overburden stress⁃

es, an empirical relationship has been established for 
predicting Dr using qc and σv′.  A limitation of this 
study is that only the case where K0=1 was consid⁃
ered.

(2) The empirical relationship shows satisfactory 
predictive performance for specimens under high and 
low overburden stresses, with the relative density 
predictions deviating within ±30% of the measured 
values.
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