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摘 要 用 ， ( )表示 一立方体 口-的 3一独立数。提 出了构造 。．的 3_独立集的一个算 

法，证明了2'-C~．3 ≤，3(霄)≤[2．／(霄+1)]．这些结果被应用于神经联想存储器曲设计． 
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ABSTRACT Let I3(霄)denote the 3-independence number of~-olbe。．．An algorithm is 

presented for finding a 3-independent set of。-，and 2．一【 。卜 ≤，a(4)≤ [2．／(翻+1)]is shown． 

"171ese re~ul= 时e applied to the desiBn of neural assoc~tive memories． 

KEYWORDS gra 一廿le0船廿cal algorithmI l ur|J networkI associa~ve memory ／ 

hypercub~l 3-independent setl 3-independence number 

0 引 言 

A 3-independent set of a aph is a set of vertices such r．hat the length of a shortest pa血 

between any two of them is戤 least 3．A maximum 3-independ ent set of a graph 远 a 3一 

independent set such r．hat every 3-independent set of the graph has at most l l re．ices．凡(口) 

de,notes the cardinalicy of a max~ um 3-independent set of a graph 口·called the 3-independence 

number of ． 

n-cube，口．，is a graph whose vertices call be labeled with all 0-1 sequences of length n so r．hat 

two vertices are adjaceat iff their labels have a Hamming distance l(the Hamming distance between 
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two 0一l seqllerlc~口and声js tho number 0f bits 013 which a diffors ftoln ，denoted by 如(d， ))． 

F0r bfevity，the vortices of 8．re identified with thoir labels．T'au~，a 鼹t of vortiee~ of 讧 a 3一 

indopendont set ill aⅡy伸 0 of thorn havo a l-lanuning distance且t least 3．13( )妞abbreviatod as j3 

(霄)． 

It is NP-hard to find^ (口)for蛐 a『bj扭 y graph G幢I．In this l~Per，and algorithm is 

pre．s~ntedfo1"flnding a 3-independent set of ，and 2I一 一 ≤厶(霄)≤ [2l／(日+1)]is shown 

( ]denotestholargestintogor nO g旺tb．~tt z)．The．~r蝴ms aIe appIiedtotho d曙逗n of ne1lral 

associatire m em 0ri船 ． 

1 BOUNDS ON I3(n) 

l就 n(0)一{0OO0，1Ul】， (∞= {0Ol1，U∞)，n(0)= {0101，1QlQ)，Fj(0)一 {0110， 

1001)， 

n(1)= f0001，儿10)， (1)={001 0，1101)，n (1)= {O100，1011)， (1)一 f0111， 

1000)； 

(1)一 {000，111)， (2)毫{001，1l0)， (3)一f 010，101)， (4)=f 011，100)． 

kmma 1． Let 0≤讧≤1 and 1≤j≠l≤ 4．"rhon the foUow[ng as rt hold． 、 

(1)Ⅱ ( ) {口， )，then如(口，声) d． 、 

(2)If ( )= (口， )，then如(口，声)=3． 

(3)Ⅱ ∈ ( )。 ∈n(i)，then如 ， )= 2， 

(4)Ⅱd∈T(j)， ∈ ( )，then如 ，声)≥ 1． 

LBt[口] be( 0-1 8equ蛐∞∞n幽； ng ot bit i through bn J of a 0-1~luenee口．[口] is 

al~breviated as[a]ll Let denoto the set 0f all g-1 sequenc船of longtb且．we~ truct 4∞t打( ) 

of 0—1 sequences oflongth 4曩+3from a 0—1 seqtlenee ofleng血 日by~olloettng aIl口suchthati 

(A)[a3H卜 一。t∈u ([妇，)for l≤讧≤ ． 
J l 

(B)If[口]【Ii -舢∈ ([妇，)(1≤i≤ )，【hen[ f +1)一(h+3)∈ ((置 )Ⅱ似l 4+1)． 

kⅡun8 2． Let y∈ ．Then J打( )J；2 ̈ ． 

Proof．』Ⅱ( )J=2x／／J ([ ]．)f：8‘×2=2 斗1． Q． ．D， 

n忙ol蜘 3． Let ∈ ．then打( ) 4 3一☆出 4如 8 oY Q4 +3． 

~ooy．Let口and be two distinct eIemen皓0f打( )．and a璐ume for 1≤ ≤日，[d]( 部一“∈ 

(墨)’[朋( ∈ ( )．Fu岫er discu豁f0n譬are dividedintothree cases： 
■ ■ 

妇 1．且=h(1≤ ≤≈)．Then( 且)n d d：( )rood4．Sinco a≠声，Then either： 

(A)thefe is 1≤ ≤ ch that Ca]t计∞一 ≠[ t 3)一‘J，甜 

(B)[d](“+【1一(“+3)≠ ](‘什1)一(“+3)． 

By lomma 1，oither(A)or(B)~ould impIy如([a]{ 3)一 ，[声]Hr3)一 )≥d．Thus，如( ， )≥3． 

2．̂ = (1≤ ≤≈)，l≠p；but ，≠ __By letnm~2， ([口]“r。卜‘，，[卢](‘r3)一 )=2． 

W ithout 10鼯 of gonorall~ ，let us ass啪 e > ，thon 
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0< 且～ = ^ 一 }< 4 
⋯ i i 

● ■ 

implying( )̂med4≠( )reed4． 

By lemma 2， ([口](．，+1)一(h+3)，[明(．，+1)一(h+3])≥I．Thus，ds(a，卢)≥3． 

3．There exist 1≤，≠g≤#such that j，≠ ，and - 

By lemma2，如([d]“r--3)一 ，[ )=2for r∈(，，g}．Thus，ds(a，卢)≥4． 

Combining ca∞ I-㈣ 3，this proposition is proved． 口．且 D． 

Now we propose a recursive procedure for finding a 3-independent set of be low ： 

Procedure 3一INDSET 

Inpul#a ／x~it／veinteger ． 

Outpu~：4 3-independent set of口I． 

begin if#=1 then return({0))‘ eLse if# 2 then return({001))‘ else if#；3 

then return({000，III))‘ else 

begin 3-*-3-INDSET([耳／d])} if B—d×E．／4]=3 then return(U日(a))} else 

if-一4×[霸／d]=2then return(({卢：0卢∈u日(a)))| elseif 2--4×[霸／d] 
et 

=I then return(({ {oop∈ utt(a))) elsereturn({ ：000 ∈ U日(d))) 
口e· ●∈ 

end 

end 

Theore．~x 4+ }INDSET when run on≈returns 4 3-independent set of。．． 

n ． By induction 0n #． 

幽 This proposition is obvious for 1≤t≤3． 

叠 僻 s／ep-Ag~lHe this proposition is true for 2<m(≥4)．Now cousider #=p．It results 

from the induction hypothesis that (a，卢)≥3 for any distinctⅡ，B∈3-啷 ET([，／4])．Without 

loss of generality，let us&~gUlTIe E-]，≠[ ．for ∈{d，b，c)，thenforany ∈日(d)， ∈日( )， 

[y]( 3)一 ≠ ]( a)一 for i∈ 伯，6，c} 

Fromtheorem 3，日(口)is 4 3-independent set of口·b，·]+a for every d∈3-INDSET([m／4])+ 

Hence，3-INDSET (p) a 3-independent sec of ，hnply／ng this proposit／on is true for-=，，too． 

By the induction principie·this proposition true for every posRive integer． 0． ．D． 

Let ( )denote the~ardinality of the 3-independent set of。．obtair~d by pgoeedl／re 3一 

INDSET． 

Theorem 5 (耳)=2l一[ 卜1． 

Proo Lemma 2 resul~in the following recarsive equations about (耳)# 

(I)篁 (2)篁 1， (3)= 2 (1) 

)=2 ]+l一 叼([{])for#>3 (2) 

W ithout logs of generality，let us a Ime 4 ≤#< 4” ．By recursively applyiag equation(2)and 

nothclng that[ ／4]／4]= ／4 ]for every positive integer t，we immediately obtain 

( )；2 ． ]+：三(峙 )一 ([号]) (3) 
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Let[ —l⋯co]·be the representation of 4 in radix 4(Notice that cl≥1)．Then 

( )=2 扣 + [([ ])． (d) 

Let最一 4 一．Then for 1≤≤ 一̂1，最一鼠+1= (5) 

By adding all equations in (5)together and making fvonxe elementary transforms．We obtam 

3 最 + = 48l一 + (6) 

Notice that觇= ，4 sl=_一c。，(6)can be tnmed into 

3 Z
．8,+ ．=-一[景] (7) ● l ‘=0 q 

From (d)and(7)．weobtain ( )=2 卜 ([ ]) (8) 

case 1．[ ]一1．Then 2 =[ 2_]．By(1)and(8)， (_)=2． 卜 - 

case 2．[素]=2．Then 2k=[1og2_]一1．By(1)and(8)， (-)=2．一[ ～． 

case 3．[素]一3．Then 2t=Dog,']一1．By(1)and(8)， (耳)=2．一[ ·卜1． 
Combining case 1-case 3，we obtain (耳)昌 2l_[呻 卜 ． 口． ．D． 

Theorem 6 ，a(4)≥ (_)=2．一[ 一1． 

Proo From theorem 5 andthefactthat，3(日)≥ (日)． 口． ．D． 

Theorem 7 ，3(_)≤[2．，(耳+1)]． 

P~oof．Let be a 3-independent set of ．For anytwo elements口， of ， 

{y：如(y，口)= 1)n’{ ：dR(y， )一 1)= 

implying lsl+EE l{ ：ds(y，a)=1)l≤ 

Hence，l l≤[2．／(4+1)]，implyingthe proposition． 口． ．D． 

By theorems 6-7，we obtain 

-eo|em 8 If-一2i一1(̂≥2)，then 厶(_)=2"-【 卜1． 

2 Application of Neural Associfive M emories 

In a digital computer a desired set of information called a memory is recalled when  the correct 

address ofthemezzloryis~tven．In contr~ttothis，a．~ociativememory(AM )is U set ofthe 

informa tion of a memory recalled b a portion  of the memory  s information．Some reoarrent 

nexlral networ ks are candidates for AM because their dyua~ cat beha vior exhibits asyraptotice lly 

stable oqui~brja．Th_s time evolution  of such a neural network toward one of i忸 equilibria can be 

interpreted as the evolution of an imperfect pattern twoard the correct(stored) pattern 日 

W henimplementing  AM by a recurrent net~aral network，the key problem is how to store each desixed 

pa ttem 雎 aft asym ptotically stable equilibrium  0f the netw ork and how to oon~rol the exten t of the 

basin of attraction of each st~ed pa tter．Th erefore·one should choose a set of venors whose pairwi~ 

Hamming d~ranceis nolessthan 3 asthe set ofpa tternsto be storedin a neural network，and such 

a set can be  obtained by exec utin g the algorithm pre~nted in the preceding se ction． 
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An n-order Hopfield networkr is a rl~：work composed of-proc姻sing elements (neurons)in 

which (1)毗，is the weight from neu 0n J to~leuron；，W(毗IJ)．x．is symmetric and zer d g0na1} 

is the threshold of neulfllr~i，9= 1，02，⋯ ， ) } 

(2) ( )isthe state of ur0ni atthtlef，X( )= ( (f)，赴( )，⋯ ，z．( )) ； 

(3)the network is assigned aIl initial state (0)；at each > 0，the s诅t of sonle neIlr0ns~ll-e 
● 

ulxlatedinⅡ way：if w0xj(t)≥ ，then毛(f+1)=l|otherwise而( +1)= 一1． 
- l 

A Hopfield netw~kcan be described by atriple( ，9，矗)where矗describesthe order'm wh王chthe 

states of the neul口I1s alre updated． 

Let( ，9，矗)be aHopfield netwoa'k， ’=(z，， ，⋯ ， ) be a vet?tot．Iff0r1≤ ≤ ，̂ 

=sgn( ，--0~)，where sgn(z)~uals-l or acc叫ding aszis negative 0r n~ egative，then工’is 
J J 

called an equilibrium  of the network-If s曲n S from any iaiti~ state，the tlcPArork will fknu'~lly reach 

0ne of its equilibria，then the network is called g1obally stable- 

An 0rder sequential Ho~ield netwoa'k is one such that only a singIe neuron is updated at each 

f and the ul~atm8 order is： 1— 2～ -— — l— ⋯ ．Such a netwoa'k can be described螂 ly by 

the ordered pair ( ，9)．It wan own[ that a sequential d~ rct~HoPfield network is globany 

stable．makesthem candidates forAM ．Ifthe desired vectors are~s'ym ptotieally stable~luflibrm of 

such a network．then when aIl ineolnpleteOnc~reet)l：~ttem is applied，the network m  find the 

complete(~ rr0et)pattern 

hl[6～7]，the problem of finding a Hopfield network( ，9)for stor~,．g a set of biIla 一 

valued veCtOl~{工∞={zf ，z ，⋯ ，z ) ：l≤ ≤柳)has been turned into solving the follo~ g 

llnealr program ： 

(u，) minimize[ (如+磕)+ ( + )] 
● lJ l l 

subjectto z (皤一面)+ ( +砰)]≥ for《 =l， 
J 1 ‘ l 

z (t吐一磕)+ (辨+砰)]≤一 f0r 一一1， 
- 1 ● l 

(砧一磕)一( 一 )=0， 一 =0 for l≤i，j≤口， 

(如≥0，磅≥0，阱≥0．辞≥0 for 1≤ ，J≤ ，̂ 

where is a small positive l~lllnber． ；咄一喝 ， = 一钟f0r l≤i，J≤口，There are efficient 

algorithms for line,a．r progr衄 m g(such as simplex algorithm as well as Karmalu~ alcoriU"~n)． 

Example 1．Ch。蓝e ( )= (1，一 l，l，一 l— 1．1，l，一 1) ，工(2)一 (1，一 l，一 l，l，1，1，一 l， 

1) ， ( )一 (一 l，一 l，1，l，1．一 l，1．一 1) ．工(‘)= (1，一 1，l，一l，l，一 l，1，一 1) from the set 

obtained by executing 3一INDSET on∞一8．~ lving(I．P)，we obtain a ttopfield network shown in 

Fig．1． 

Example 2．Cho0se ( )= (1，一 l，1，l，一 l，一1，1，l，一 l，一 1) ，工 )一 (1，一 1，l，1，l，1， 

l，l，一 l，一 1，一1) ，and工(3)= (一 1，一 l，一 l，一 l，1，一 1，l，一 1，1) from the set obtainedby 

0xeeuting 3-INDSETon =̂ l0．Solving(U’)，we obtain aHopfieldtl~~work shownin FiB-2- 

For investigating the capability of Hopfield network to st0re a set of v0ct~ provided by the 

algorithm ~-INDSET．we design a s~nulation experiment as folloWS： 
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一 1 

￡嘻 1 a desiredHop~P．J．d n~vcork f培 & n desiredHcg~-．1dfretwork 

(1)For each(P，g)∈ {(6，4)(7．5)，(8．6)·(9，7)，(1 0·8))，Ten sets of qvectors are 

randomly Soleeted from the sot obtained by n|nning 3-INDSET on -Thusf．fty sots of vectors are 

produced． 

(2)Fur each ofthefifty s ．aHopfleld networkis obtained by solvingthelinear program 

(I )． 

(3)For each of the fifty Hopfleld networks，to check whether or not the v~tors in the 

corresponding set are all equilibria of the Hopfield network- 

Our experim e~nts are carried out on a 386一mic~VOmlmtsr．The results show that the fifty sets of 

ve咖 rs are all successfully stored ina Hopfisld netw ork．Tbe ~fore the algorithm 3-INDSET can 

pro vide a set of vectorswhich can be stored with aHopfield netw ork· 

3 SUMMARY 

也is pape~．we present an alg~-ithin for findtt~ a 3-independent sot of~．-cube ·Computer 

sim ulations show that the resulting so t can be effectively sto~ed with a Hopfie|d netw ork·Owr furth er 

research will be focused on how to store a sot of VeCtOrs with a Hopfield network SO that each of 

them has an attraction radius of at least 1． 

Re|e~ence$ 

1 JA Bc0衄 ．USRM岫 ． 佣哪 ‘神  挣 I-曩-̂ NewYak_l~svier，North-Holls~ ,1976 

2 M RG f̂ey，DSJohnso~ 唧 -衙B∞ ，嘲 畸{A 泌 正a如 ~z=-joyⅣP． 州 h嘲 SanFranc~vo,CA- 

P~=eman，1979 

3‘AVAho， 脚 佣 ^由幽 町 押 A／~'igmns．Reading，MAIAddison·Wesley，1974 

d J JHopt~d．Nettrat networ~ phy蚰 l 岫 with锄捌训 o0 ve o0mputa洲 abilities- 眦  

＆ L玑 ＆ ^ ，1982，79{55d～ 558 

5 N dle1．J A F el1，A蜘 d蚰ve memories恤 artificial neural r蝴  腽 目 ‘ 胁  ·(3)；6 

～ l7 

6 Y且ngX．iaofa~． ，”曲 } 棚 删 胁 蛔 b 曲  ∞ 蛹计 醴e郴 -Fo- 

DD~s==lation，Oaon~in8 Uni~ cy，1994 

7 气 3Cumin ．FaultTolcxanceArises=andD瞎i ofNeuralA嚣删 a“veMemeci~．m 幽 哪呵 

4 {，， 94 州  口丽睥 (Huang Zallu and Y矗ng ongka|酣．)．Huazhc~g~cJence and T铷 dogy 

Univcrsity Press，1994_71～  

0 

http://www.cqvip.com

