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Infinitely Many Non-collision Periodic
Solutions for N-Body-Type Problems’
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ABSTRACT We prove the existence of infinitely many non-collision T—.perliodic, solutions for
N-body-type problems; —ﬂr.-=5= V., (2,1}, Where u= (2, = yun) ,u, € R*and V(u‘, = 1q§;€h’v"m_ ‘
u;,2) ,the potentials V(&) are T-periodic in ¢ and singular at £=0 which satisfy, the strong feace
condition of Gordon,

The proofs are hased on a variant of; ghe, pertufbation methods-of K.-Uhlsnbeck, W. Dirig, P,
Majer and S, Terracini. .

EKEYWORDS N- body- type problems; infinitely many non- collision penodlc solutlons,
Ljusternik-Schnirelmann theory

0 Intmductmn and Main Resu]ts »

Com:ernmg the n- body- type problems, symmemcal cases have been smdwd 1n I:lhﬂv ﬁ;l _

Concerning the three-body- type problem, non- synunetncal cases have been n-eated by Bahn and
Rabinowitz in [7]. :

In [87,P. Majer presented two variational methods on rhanifolds with botridary. This l:heorj.r is
essentially a perturbation argument of avoiding the difficulties of a lack of the Palais” il
condition or other compactness conditions of the variational fufictional, Wajer and Terracini[s~113,
Ambrosetti , Tanaka and' Vitillarol'® apglied the argument to the study of the perlodic ‘sofutions of
Hamiltonian systems and obtained gnod results, The perturbation method for harmonic maps dtd
other maps from which the critical boints of some energy integrals may be foufifh oiit'bras proposed
by K. Uhlenbecki!®) and W. Dingl'¥J, In this paper,we shall deal with the N-body-type préblefii-for
non-symmetrical potentials using a variant of the perturbation method of [~11-13<4J,

We lock for periodic solutions of N-body-type probletns of the type;” — i = V., Caapnt):
where V,€ C'((R*\{0}) XR.R) are T-periodic in ¢. We shall consider the following asstmptions

on the potential V;(¢, j=1, -+ ,N,i%=f); . .. e
(V1) Vy(z,0)=Vi(—~ :r,z),‘q' 2ERN(0); , . e
(V2) V,(z,0<0.¥ 7€ R\{0}.V 1€R; . A
(V3) V, satisfies the strong force condition of Gordon([lsj) that is, there are Pﬂ>0 UE

((R*™{0};R) such that - T z ;
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limlX D= +oo,—V,(z,t) = |LF () |2 or 0<| x| < 0.
(V4) There are p>>0 and o<e<-;— such that ang(V,,(z) , D =n—0,Y z, |z|>p

Where V,;(z,¢) denote %Wj(:ﬂ) yore ,%V,—, (z,£) | €R*and in any euclidean space 0<(ang

(z, ¥)<<n denotes the angle between zand y.

We will say that a function u(2) = (i (£), . un(2)) € CH(R, (RI¥\{0}) is a T-periodic
non-collision solution of — &=V, (x.2) if uis a T-periodic solution of —&=V (u,1) and % (1) #u,
(z) for all i==j end tER,

Our main results are the following;

Theorem 1. Assume (V1)~ (V4) hold, then — &=V, (u,¢) has infinitely many non-
collision T-pericdic solutions,

1 Ljsternik-Schnirelmann Type Theorem with Perturbation Palais-Smale
Conditions

Motivated by the work [14] of Ding and the work [8] of Majer we have

Theorem 2. Let X be a Banach space and A be an open subset of X,let f& C1(A;R), We
pose the following assumptions on fand g

(A0) rl.iinwf(z)= +oo,if z—+x%E€aA,

( A1) f is bounded from below; g=0 and || & (=) || is bounded on any set where g(z) is
bounded.

(A2) For A>>0,f+Agsatisfies (PS) conditon,

(A3) If {%4)}CA is a sequence such that f(x)—c, f(%)—0 and g(u) is bounded,then ¢ is &
critical value of 7, )

(A4) There exist A>>0 and c<{oo with the property that far any c<C¢ there exists f= 8(c)
such that if u is a critical point of f+Agwith A€ [0,4] and f(u) +Ag(u)<c, then g(u)<P. Let
a = a(f) = inf{supf(u) |cata(A) =2 &}, 1< A< caty(A)

I ¢x<c,where ¢ is given by (A4),then ¢, is critical value of £, [f =00 and c,;=co for some
k,then the critical values of f are unbounded,

Proof,  Note that a lack of completeness about A is due to the fact thgt the domain of fis
open; Condition (A0) is a standard way to avoid this difficulty. The rest of the proof of Theorem 2
is similar to that of Ding [14] and Majer [8].

2 The Proofs of Theorem 1.

We introduce spaces,
E={u= (g, ,u) |l € HHR/TZ;RY}
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N
E= {u€ E| 2wl =0]= E/R
feal
A= {u€ Elu@® # 51,V t,i # j}
N
A= AR = {u€ A| X [u] =0}

i

Where F'(R/TZ;R*) is the Sobolev space of T-periodic function with square summable first

T
derivatives under the norm;, lzle= [ J|ﬁ|2¢ + [u]z] v
1]

where [:u]'—-l _[u(t)dz denotes the mean value of z.

o

In order to prove Theorem 1. ,we shall apply theorem 2, in the following situation ;
T T
o = 3 [ i — IV(mt)dt. Yu€ A
Q

gw) = [u]? = ZNL,(TJ(m(:)—u,(:))d:

It is easy to kmow that a critical point of fon Ao is a noncellision solution of —r:f,-=‘v"',Lr Cu,t),
Lemma 1,05 Condition (V3) implies (A0} ,that is, for every c>>0,there is 8(c) >0 such
that flw) < o= I:Iél:l |#() — 4, ()] = 8(c)
Lermma 2.  Condition (V2] implies (Al).
Proof. Obviously g(u)>20 and by (V2),we know that f(u) =20 for any u€ A,.
Now for any u,vE Ay, we have
lgCu + v} — glu) — 2[«][v]| =

.I,‘ (u+v)dt] ~( szd:}z—zi:udtljtd;F

Al [l <a( [ Jroral'T =
Q A !
%(T' ||v||i=]=%||v||iz\<._%||v||=E°

So we obtain (g’ (u),v)3°=2[u:|[v] V u,ve 5

50,18 @] = o 120(6]] = 210 e |E4)] <214
L] ED-I Eu

That's || ¢ G0 || <21 4]
Let 3= {u€ A, | g(u) = [u]*<a} ,then for any uc€ (2,
lg @ llg<2i[e]l <2~/ 2
Thatis || & (u) || g is bounded on any set where g(u} is bounded,
Lemma 3. If (V1)~(V3) hold,then (A2) also holds,that is for every A>>0 and c€ R,
every sequence {u,}C A, such that f(u,)+Ag{s}—+c, /' {w}+Ag {u}—0 possesses a converging
subsequence,

[
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Proof. For every A>>0 and c€ R, every sequence {u,} C A such that fla )+ Agia | -—+c.we
know that || &, || ;2 and [,]? are bounded by (V2). Hence w, is E;— bounded and therefore the
existence of a subsequence converging in the weak topology of E, and in the uniform topology w
some a#€ E , from Lemma 1. it follows that € A,. Hence (V; (s} ,u—wu) converges uniformly to
zero, Since f {u,} 4+Ag {s,}—0 and u-u is E,-bounded,and ¢ is compact, we have

T

il 3 — lim i [ 3 = lim [ i — it =
Q

T
1im CF G + Ag ()ou— ) — Mg (yu— ) + J.{V.(umt).u — u.,)dz} =

Therefore u, converges to u strongly in £,
Lemma 4, Assume (V1),{V2) and (V3) hold, then (A3) holds.
Remark. The Proof of Lemma 4. is similar to that of Lemma 3. .

Lemma 5. (covering Lemma [9]) Let pZ20 and 4€ |:0, J be fixed real pumber. Let B=

{B(z,r}.<. be a given family of » balls of B,. Then (¢) there is anotber family of balls B = {B
( +7; ) }icw 8nd a subjective map a; {1, ,n}->{1,++,n" } such that,for every i<n,B(%.r)"B
(‘i(u !r;(”) iB‘ VETif:‘lﬂS: '

Y 3?"—-]0V rc B(-Ifsf:)v'h" }’E B{é,?’})

lz— 3| >p
1)
ang(z — 3% — £) < 5 — 0
and for every i<n' , ;< R(u,ﬂ)[ Lo+ *"]+ 3
(ii) 1f in addition, 1 5_‘, % — 7] > ﬂzz(n,eyz( o+ ) (3
41—1 2
then »' 322,
{ n—1 iff=20
Where R(n,®) = <o) — 1 . T4)
=1 ff>0
L 1
and c(f) = 5 { 1+ cos&) (5

Lemma §, Assume (V1)},(V2) and (V3) hold,then for A<Coe and c==co we have that for
any c<c there exists #=F(c) such thar if /7 () + g (u) =0 with A€ [0,4] and flu)4-Ag(a) <
¢, then glu)<{f,that is (A4) of Theorem 1 holds,

I
Preof. For any ¢<Zoc,let A = f{c) = NR(N, ﬂ)z[ £l _.!_ + _.l;_J (63

To prove Lemma 6. ,it suffices to prove that for any AZ20 and uEA with fle) + Ag(u) <c,
g(1) < B, there exists a v€ A such that
Vi) ev=0
Vglu) ev>0
By (V1),f(u)+Ag(2) < c,and Sobolev inequality , we have

'_ (7)
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T 1 Tt
ha— o | 5] 2t = (5 (8
. 1
One has 5 (£) € B(x,r) for every {<{ N and every € R, with r= ( %) : ,and z="_[u ]. Applying

the covering lemma to the family 8= {B(x,r) },cn. we get the caver B = {B(x ,+' ) }.<» and the
map &. Moreover N' 222 ,since we have supposed z‘lﬁz | — x|t = glu) > B
O}

we define,for I=1, e !‘N' T, = Jim E R*
T
1 I _ .
then W/ f(u) v=—v DV.,(u. o) ( Ty — Tar ) Y
LAY

Notice that the only indices (i, §) which contributes to the sum are those for which o, 70,3
in that case from (&) we have
w () € Blr,.r) and ,{t) € Blz,r) fart € R
We get by (2) thar,for all t€ R, (denoting for simplicity s=12(#) . ;=1,(£3}
1”! - uji = p
ang(u, - u}’i‘(r} - -’éu}) < % — 8
From the first of these inequalities and from the hypothesis (V4) on V;; we also have
ang(V, (% — u,.)u —w) =n— &
So that ang (V/V, (s —w,,8) »Jil,,—aiu.)>—2{

S we infer vvlj(tt.-—u;,f) 1(i(r}—1&1(1))<0
Thus 7 f(&) v>>0. In a similar way . we have

Veglu) rv=2- EJNZ;EW —u] (2 = Zp) >0
i

far [w—u,] (li(.)_li;))) >0 whenever o, 70, (notice : here enters the fact that N' =2).

Notice that A, =A/R* and Rtis a finite dimensional Euclidean space,we have

Lemma 7. (Fadell-Husseini[ 5] The Caty, (Ao) for the Ljusternik-Schnirelmann caregdry of
A, is infinite,

Lemma 8.  Cio=Cie(fH)=inf{sup(u) |Caty (A)=+roo}=+oco.

Proof. Obviously,it suffices 1o prove that for any A€ R, Caty {z€ Ao | Fluy <A <+oa,
The proof of this fact is similar to that of Majer [16].

The Theorem 1 is proved by Lemma &,
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