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ABSTRACT . Using the equivariant Ljusternik - Schnirelmann theory, the estimates of the lower bound of functional

values on collision sets and the estimates of the critical values for the variational functional , we obtain some results in

the large conceming multiple geometrically distinct noncollinear periodic solutions of any fixed mininal period for a

class of planar V-hody type problems.
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The N-body problem is a difficult classical problem in
celestial mechanics and differentiel equations . It is related Lo
the moving law of N point masses, which are governed by the

Newton’ s second law and the universal gravitation law .

- 3
mlq,+%‘=0 f=1,"',N (1)

where g, € R" (where k is a finile integer greater than or
equal to 1) is the position and m, is the mass of the ith par-
ticle,, respectively . and the potential V is given by
m.m
Moo = L Ta T
The study of some special noncollision solutions for V-
body problems has a long history[ 1 ~41] . For planar 3-body
problem,in 1767, Euler [ 1] discovered three collinear peri-
odic solutions, and in 1773, Lagrange [2] discovered two
equilateral periodic solutions .
In recent years ,some researchers have applied the van-
ational methods to the study of the existence and multiplicity
of periodic solutions for certain classes of V-body type prob-

lems . Using the equivariant Ljusternik — Schnirelmann theo-
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ry,we can obtain some new results in the large conceming
with multiple geometrically distinct noncollinear periodic so-

lutions of fixed minimal period for some planer /¥-body prob-

lems .
We set {2 = R* \ {0} and consider a potential V of the
_form:
Vlu) = Vlw ., up) = 1< Viu —u)
LAy Rl ’

{(2)
where &, € R, u={u ., uy ) €E(R)  and ¥, € C'
(2.R).

Given T > 0, we seek periedic solutions of

A . )
mu, +Ev{u,,"'.uy) =0,lgig ¥

v 0) = u(T),u(0) = u{M,1lgigh
(PT)
Definition 1 , uy ) of
( PT) satisfies
(i) v, € €*(0, T; R*);

(i) w{t)#u{s), yt€(0, T] and Igiz g N,

If the solution w = (w,, -
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Then we say that u is the noncollision periedic solution of
{PT).

Definition 2 Let © and v be two periodic solutions of
(PT).K there are diffeo - morphisms ¢: $'—§' and R: O
(2)—0{2) such that y = R- x> ¢, that is © and v belong
to the same orbit and have the same period so that there are
€ S' and RE 0(2) such that u(t) = Ru(z + @), then
we regard » and v to be the same in geometry ; otherwise , u
and » distinct in geometry.

Assume ¥ satisfies
(V1) there are @ >0 and a > 0 such that for any », €

Theorem 1

R and u = u
__ &8sy mm
Vi mug) = 2‘_E)Iu,—ujln
{V2) €, > C, . where
_ a+18
Cs g +2})
a+2 n+ﬂ2 @ 2
SNTHENE R
- 2
T
1 2
am-(lw)m( 2 mtmf) Mt
Il imieN
C - _(l mlmj
* 21(!#1‘”' a4, - a} |"
w
¢, = E2'rrzafml

e, > 0,a, = g
Then for any T >0, (PT) possesses at least 2{ ¥ — 1)-2%-2
~ IV geometrically distinct noncollinear and noncollision pe-

rdodic solutions with T as minimal period.
1 Proof of the Main Results

Let O(2) denote the rotational group in R® and

cosf - sinf

m):( ]c— 0(2),v 6 € [0,2a]

sinf  cosf
Let us introduce the following notations:
H=W?"R/TZ, R)

Hy = iu€ HIlult+ T/r) = A{T)H(I)
r 2 2 is a positive integer|
E=ilu="{(u,"uy)lu-u€H,,
i,j: 11”‘!”{
M
lu € E | Emlu,ft} =0,

1=l

=
Il

u{t) = ult), Vi€ Rixyi
L=1lu€ Elforsomed, € Rand ¥ € R,
i =2, Nou(t) = Au et
Ay = A-L

T T

{u.vy = j::ﬂ:ldt, lul® = J’L-tzd!!.\;'u.v cKx,.
% o

On A, we define the following functional :

r T
flu) = ;iml| a 1%de - J;V{u)dt
It is easy to prove the following variational principle:
Lemma 1 (i} f€ C'(A,,R):(ii) u€ A, is the
critical point of f.then u is a noncollinear and noncnllisi(;n
periodic solution of (PT).
Lemma 2([30]) Let X=(x,, ", %) €{R)".

Then

1 m,m, 1
- In = Cl v;’i PR R
lgiplyg ¥ I E x.l (“lqlml I x I )
-lex1)A -arl {2+ alv2
where C, = 2 M0 Y mm) M=
leipg ¥
Ll
Xm

Lemma 3 Let K=inf{liminff( e, )1{s,|CA,. 0,

:"u,e dA,t.Then Y e >0,the {P.S.) cndition holds in
Friu€ANAu)ck-¢l.
Proof Let {u,| be a {P.S.) sequence at level ¢ <

T

K.From f{u, )~>c,we know that | |LIL,1 1*d¢ is bounded.

1]

Thus {4, | is bounded in A, ,taking a subsequence if neces-
sary ,we can say 4, . From ¢ < K we have that € A, .

Similar to the proof of [ 19 ~ 28,421, (&, )—0 and u,—u
€A, imply w,—~u€ A,.
Lemma 4  Assume { V1) holds,then
K=0, Tg{{
where K and C, are difined in Lemma 3 and Theorem 1 re-
spectively .

Proof By the definition of &, we take a sequence

{u,{ C Ay such that un—m’ueaAﬂ and flu, )= K.We are
going to give a lower bound on K.
Let 5, denote the group of all the permutations of {1,
v N We set for [ =2, N,
AA, = {u € E:Js€ §,,3¢€[0,7]
such that
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. ( = """ = | B . i-a
e 1) - ““) ulegilhﬂl—ﬁ(u) = Q:Tl”

Let u € 2 A, , we can assume, for simplicity, that s is the

identity and z = 0. Using the symmetry property ( u, — & ) (!

k)

+ Tr) = A(ZTK) (u, - uJ}( ) ,we deduce that
Slu) = g lu) + by {u)
where
i Tir
ml
glu) = r[;;__; 5 l[ a2} 1'de +
e
a j‘ m,m, dt ]
zlstjgl'o |u|(l}‘u|{z}|a

Tir

W
hgte) = o[ 312 J &, (1) 1Pde 4
t41 i}

Tre

o W J m!del ]
2 ndend T u ey = () I

Using the methods of [23,28,33,40], i is possible to give

more explicit estimates about g, {u) and hy_,(u}.

Let
!
M o= Dim,
1=1
11 1 .
4 ===+ = (aa)Z-"(cﬂ'z] . (21”}2«#( 421
212 a
I -eil2+e) Y
Po=A- M' L ™,
lgut_,‘nn‘
~  I-a
Then g‘[ u) > PiTZQ-t
Let
j _ - I"I-p;‘fmxtl:' m:(ﬂ
¢ = mn ! 2 2r )
€3, {'zulm,m}
Po= 4]
Then
. g
inf g{e) » P T
uE--".‘Jf
Let
N
JHw-r - E m, . B = rfze/(uz) -4
=1+l
A —gifl2se)
Qz =8~ M_\._, E m,m,
I+l amjg v
~ i-a
Then h,v_!(u) = Qr;l"ha
Let
m m
- . il N 0s() TP0a())
K, = min = TEeo]
€ s"' {Etgi-rlmll:?}
Qt =B- Kl'
Then

2-¢ 2-a
inf flu) = (P, + Q)75 inf » C,T%=

eI, Ve,

where C, = min (w1 P+ Q.

By the weakly lower semi — continuity of f, we have
that K= C, T2+

In the following, we define 2 §' x 0{2) invariant set
Z and estimate the upper bound of f on Z.Llet & = 2x/T
and a, % a,.a, >0

Z = {v() = { Ra, { Ecosewt + psinet) | £,

7E R, 1E&I=191=1.{&2x =0
where positive number R is to be determined . Let

2z I x ' x 2y
Z = Z - ika,.'".ka,."'.kaw} % 8

Then Z° is a noncollinear and noncollision $' x #(2) in-
variant set and Z° C A, and for any u = (u, ", uy) €
Z’ ,there are £,.7,€ R such that 1£,1 = 191=1,£ -3
=0and u {t)= (ka,}(&msaﬂ + 3, sinwt ) . Hence | i,
(¢)! = Ra, and
lau ) =) P, P4l 1P 21w 1l l=

(Ria -all
Hence { VY1) implies

m.m, ) =~ .
F
la - a, |

—V(H)S(‘;"E

o)
On the other hand by lu,| = wRa, , we have

# T W
EM,JI e, 1%d: = (szm,af)ﬁ?z
K aml

We deduce lhat.‘p’ﬁ:vﬂ
fuy < C;T 'R + C,TR™ = h(R)

where
w
¢, = S2nima?; ¢, = 25 05
k| :/:;f 4 2 ﬁ | a, - ﬂ, !a
L
e
When R, = (ZCS T

we have that A" (R,) =0, h"{ R,} >0.Hence A(R) has

unique minimum value:
1 -z

T a+l
ey =[(5)7+ (5)7]
' s 2 2.e 2.4
CiiCed « Tive = (C, « THe
Hence we have

Lemma 5 If we choose positive number R of the set
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1-a
Z as R, ,then k = Teay(u Y € - T
By [27] we know that if u is a critical point of f in A,,

-2

then uien{uf(n) > C,T7
We note that each Z (i =1,--, ¥} is diffeomorphic to
7.S' which is the unit tangent bundle of 5'. Hence cat
{(Z)=3 Now Z=2 x--
® @ T, 8 (N factors) ,and Z is diffeomorphis to the set
Z’“.- g of Coti Zelati{ [29]) .50 by [29] ,we have

Lemma 6

cat {278 x 0(2)) z2-(N -1} 2"

cat {278 x 02 z2-(N-1)-2""_N

The following lemma is an equivariant version of Ljust-

x Z, is diffeomorphic 0 T, §'

emnik - Schnirelmann theory.

Lemma 7 Let X be a Banach space, A an open sub-
set of X,and f€ C' (A, R).Let G be a compact Lie
group, T{ G) a linear continuous representation with equiva-
riant distance and M a €*"" submanifold of A .Assume M
and f both are invariant under 7( G}, satisfies Lthe Palais
— Smale condition on some closed subset ¥ of M.

Let i be a T(6G) - invariant index. Let ¢, = nf,,,, .,
sup,c J{x), m=1,2, ,where ACc N, AEZ={BC NI
B is T( G)-invariamt and closed in N} ,then

{1) when - = < ¢, < + ®,¢_ is a critical value of
e

(2)if —~®<e=¢,, =" =¢,,;, <+ ®,then i
(K)zk.where K, = 12ENIf(z)=0,f({z)=cl;

{(3) co=en,

Lemma 8 If r is an even posilive integer and u 15 a
eritical point of f in #*, which has minimal period 7/ m, m
#1,then m=3 and v(¢) = u(t/m) satisfies that

flv) < C TH+
where C§=(a+15}'[9(a+2)]‘l‘cs
Proof (i) From the even property for r and { u, —

uj)(5+lr) = AQ2n/7)(u, - u,)(2) we have (u, — u,)

(:+i) = = (u - ;). m=z3 follows from the sym-

2
metry (u, - u;)(t+ TR2) = - (u, - u,j)(t) and € f* C
A,

{ii) By the definition of v we have

T

T
f | o0e) 1°de = —lz-J' | 2ls) 1%
[i]

L]
[]

V(iedds = | V{udde

o—
Oy oy

By the process of the proof of Lemma 5, we have that
T N

Slv) =% (Em: | o 1*de -

“ =1

T
fl«"(v}dt <
%

L& T T

B 2
‘_ij @, ds - | ¥(a)de
e ]

By '(f’(u),u:':(],we have

T w T
JEm, | u, 17dt - J(V’(u}.u)dt -0
[1]

=1
T

u

T o«

lZm, i 1P = o [Vds
1=1

[4]

T

T o
1 ©2
- IV(u)dt = ?l E m, | e I°de

1=l

By u €/ ,we have that
r 7

o
Slu) =% Em, | a, I*de - jl"(u]dt,
*d: < &,

L o1y
— . 2 = x
ilm,lu,ld:gk(2+a),

7y 7
Slv) S-II—SJZm, | w, 1*de - Jl"(u]d: =
0+=t 0
T
(l+i) Jzﬁ)m,lu, 1*dt <
18 " @ \
(e (L, 1)7
18 + a 2 * a
a + 18 gﬁ
9(a +2) = Co T

Now Theorem 1 can be proved by Lemma 2 and Lem-
mas 3 ~ §.

Proof Choose 7 to be a larger even positive inleger so
thet €, > C; bolds. Inequality €, > C; implies that K > &.
Thus by Lemma 3, the Palais Smale condition holds in f* .
We note that Z ¢ f* by the definition of k.

Since i (Z' V122N -17-2""% - N, we are in posi-
tion to apply the §' x G{2)-equivariant Ljusternik — Schni-
relmann theory in & = /* {see Lemma 7) which yields the
existence of 2+ (¥ = 1) -2%"% = N critical points {u, | i =

2N 12" P e f of £,

I u were not of min-
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imal period T ,from Lemma 8, it would follow that there are

2-a
#, such that f( v ) < Cy* T¥ < _Since that for any v, & 2’

— 1-a -~
we have f{v, )= £, T7* _So Lemma 4 and estimate C, >

€y would then imply a contradiction. Hence all critical

pounts r, have minimal period T and none of which can be
brought into the other by the standard §' x 0{2)} action on

M.
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