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The N·hod)'problem is a difficult classical problem in 

celestial mechanics and differential equations It is related to 

themovinglaw of N pointma8∞e，which a governed b the 

Newton’s second law and the universal gravitation law． 

． + =。 -lI⋯，Ⅳ (1) 

where q．∈ (where k is afinite integer greater than or 

equal to 1)isthe position and m isthe nlKBS of【he i【h par— 

tich，respectively，and the potential V is given by 

“  

)一 点 
The study of some special noncollision solutions for N— 

body problems has along history[1—41]．For planar 3-body 

problem，in 1767，Euler[1]discovered three collinear peri- 

odic solutions，and in 1773，Lagrange【2 J discovered two 

equilateral periodic solutions 

In recent years，some researchers have applied the vari- 

ational methods to the StUdy of the existence and multiplicity 

of periodic solutions for certain classes of Ntbody type pmbt 

leras Using the equivariant Ljustemik—Schnlrelmann theet 

ry，we can obtain some new results in the large concerning 

with multiple geometrically distinct noncollinear periodic so— 

lutlons of fixed minimal period for eorr planer N-body prob- 

lems 

We setn=R 、{0t andconsider a potential V ofthe 

form： 

( )= ( ⋯，u )={∑ (u．一 ) 

whereⅡ．∈R ，u=( 

(n，R)． 

(2) 

u )∈(R ) and ∈C 

Given T>0，we seek period ic solutions of 

+矗 (IXI*''"st6t1)= 1 
(0)= (T)， (0)= 。(T)，l≤i≤N J 

(PT) 

Definition 1 If the solution t6=(u ，⋯，uH)0f 

(PT)satisfies 

(i) ．∈c (0，r；R )； 

(ii)u．(t)≠Ⅱ (t)，Vt∈[0，T]and I≤ ≠ ≤N． 
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Then we say thatⅡ is the noncollision periodic solution of 

(PT)． 

Definition 2 LetⅡand be two periodic solutions of 

(PT)．Ifthere are diffeo—morphisros。：S 一S and R：O 

(2)一0(2)suchthat Y=R。 · ，that isⅡand belong 

tothe same orbitan d havethe same period 80thatthere are 

0∈S and R∈O(2)such thatⅡ(t)=Rv( +0)，then 

we regard Ⅱand to bethe$821llein geometry：otherwise．H 

and distinct in geometry 

Theorem l Assume V satisfies 

(VI)there 81"eⅡ>0 and口>0 suchthatfor anyⅡ．∈ 

R and Ⅱ ≠ H， 

，
⋯  

号 
(V2)cj>c6，where 

c ： 端 c 

c ：【(号) +(号) ]·c ·c 
=  

1 

l丁l+÷)a 2 t 
． (2 )箍(∑ m 竹)t 最 

l‘ i-f‘ 

c 号
1 南  ‘0⋯⋯⋯J 

c，：奎2 。2 
。 > o，a ≠ 

Thenforany T>0，(PT)possesses atleast 2(N一1)·2 

‘ 。 N geometrically distinct noncollinear and noncoUision pe— 

riod ic solutions with T fl,8 minimalpe riod
． 

1 Proofofthe Main Results 

Let O(2)denotethe rotational group in R and 

(̂日)：f COS 一 i“ 1∈0(2)，v口∈[0，2 ] 
sinO cos# J 一 。 

Let us introduce the following notations： 

Ⅳ = W (R／TZ，R ) 

Ⅳ =；u∈Ⅳ t+ )：̂( ) ) 
r≥2 is positive integer} 

E： } =(Ⅱl，⋯， )IⅡ．一 ∈ Ⅳ_， 

f，J=1，⋯，N} 

A=l ∈E I∑m Ⅱ ( ) 0， 
J z 【 

Ⅱ ( )≠ ( )，V‘∈ R，i≠J 

￡ = I u∈ E I for some C- R and V ∈ R 

i=2，⋯，Ⅳ，Ⅱ (1)= Ⅱ【(t)} 

A 0 ： A — L 

(Ⅱ， )= 

On A。we definethefollowingfunctional： 

u，={ ；m f· · a 一{ c u，a 
It is easy to prove the following variational principle： 

hl舢 1 (i)fE C (A。，R)；(ii)Ⅱ∈A。is the 

critical peint off，thenⅡis a noncollinear and noncollision 

periodic solutionof(PT)． 

Lemma 2([30]) Let X=( --， )∈( ) ． 

2 ∑ — ≥c I 
一  I。 

where C】=2 ·M一 ( 

． 

(三 I 

∑ ^ )””” ，M 

Lemma 3 Let K=inf{lirainff(Ⅱ )I{Ⅱ }[A。，Ⅱ 
⋯  

一 ∈aA01．Then V E>0，the(P．S．)cndition holds in 

／～={ ∈A。I，(Ⅱ)≤K—E1． 

Proof Let{ l be a(P．S．)sequence at level c< 

r 

K．From，( )一c，we know that』I I d is bounded． 

Thus{Ⅱ }is bounded in A 0 taking a subsequence if neces- 

sary，we call sayⅡ —+Ⅱ．From c<K we have thatⅡ∈A0． 

Similartothe proof of[19—28，42]，，(Ⅱ )一0andⅡ 一 

∈A0 implyⅡ 一 H∈A0． 

Lcmma 4 Assume (V1)holds，then 
2— 

≥ C2 

where K and C2are dlfinedinLemma 3 andTh eorem 1 re- 

speetively 

Proof By the d~mition of K，we take a sequence 

{Ⅱ }cAo suchthatⅡ 一Ⅱ∈aA 0and Ⅱ )一 K．Wefire 

going to give alower bound on K． 

Let S denote the group of all the permutations of}1， 

⋯

，N}．We set，f0r =2，⋯，Ⅳ． 

9A ={Ⅱ∈ E：j 5∈ S ，j l∈[0，T] 

suchth丑l 

H 

∈ 

U 

V  

d  

r ，●●j O  

= 

Ⅱ 

d  

．U 

r  ●●J 0  
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一IjlI J = 。 = Ⅱ川 )‘t ． 

Let ∈3A }we can 8．．~,sume，for simplici~，that j is the 

identity and =0 Usingthe synunetry property(Ⅱ．一 )(1 

+ d( )( )(f)，we deduce Lhal 
f(Ⅱ)≥ g (Ⅱ)+h (Ⅱ) 

戡(u)=r[ 丁mj『 (⋯ d + 
l·i t 

号， 』 ] 
—  c u，=r【l；—m l - ．c - at+ 

号 姜 』 1 
Using the methods of[23，28，33，40]，it is possible to give 

mole explicit estimates about gf(“)and h 一f(“)． 

= ∑m。 

d = 1 

l丁1+丢)( 。) ̈z_一(2 ，) “ 
户-= 一̂ ” ∑ ％ 

L⋯ J‘ 

Then g (Ⅱ)≥ P 

TJet 

^ = win 
∈ 

P】： A · 

11Ien 

inf
^

g (Ⅱ)≥ P x 

帆一，=∑m ，B=r。 ·A 

= B· ” ∑ mimy 

Thai h (“)≥ Qfr 

Let 

Th∞ 

min 

Q =B-置 

inf h (Ⅱ)≥ Q 
^- 

inf
^
f(Ⅱ)≥ ( Q ) 。： 

where C2 rain2‘f‘ {Pf+Qfi． 

By the weakly lower semi—continuity of f，we have 

tha t ≥ C2 T( 一 
．  

In the following，we define a S ×O(2)invariant set 

z and estimate the upper bound off 0n z．Let =2Ⅱ／T 

and 。 ≠ 口
． ，d。>0 

z．={ (￡)：(Ra r(8coast+7]sinoJt)I ， 

∈R ，I I=I I=1，( ， )：01 

where positive number R is to be determined．Let 

= Z1× ⋯ × 

Z = Z 一{RaI，⋯ ，Ra ，⋯ ，Ra }×S 

Then Z i8 a noncollinear and noncolision S‘×O(2)in· 

variant set and c A o and for anyⅡ=(Ⅱ1，⋯，“ )∈ 

，there ale￡，研∈R2 suchthat l l=I 。 1， ’ 

= 0 andⅡ．(I)=(Ra r)( cos cot rsino~t)．Hence IⅡ． 

( ) Ra．and 

【“；(f)一 (I)l ≥IⅡ．I +I I 一2 I“ I I I= 

[扁1 0．一m I] 

Hence(VI)implies 

一  ) {{ 
On the other hand，by lu 

) 1 0 一 I ／“ 
= 山蠢a-．we have 

Ⅳ 

∑m。l 。I dt=(∑ 。2。)瓶 
lIi ； i-i 

We deducethat，v矗>0 

，(“)≤ C T +C 痈 = (̂ ) 

where 

号 

When 风：(嘉) 南 
we havethat h (Ro)=0，h (风)>0．Hence h(j})has 

unique minimum value： 

h(R。)．[(号) +(号) 1_ 
c - ： C -r 

Hence we have 

Lemma 5 If we choose positive numbor j}of the set 
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Z as R。，then )≤ cj’ 

By[27]we know that ifⅡis B critical point off in A0， 

山 “ 嬲，‘ ≥。， 
We note that each Z．(i=1，⋯，N)is diffeomorphie to 

T．S‘which is the unit tangent bundle of S ．Hence cat 

(Z．)≥3 Now Z=Z L×⋯ ×Z is dfffeomorphie to Tl s 

@ 。@Tl s (Nfactors)．and Zis diffeomorphistothe set 

Z1 n1
． 
J of Ceti Zelati([29])so by[29]，we have 

Lemma 6 

cat(Z／S ×O(2))≥ 2·(N一1)-2 

eat(Z ／s ×0(2))≥2-(N一1)·2 一N 

The following lemma is an equivariant re~ion of ust— 

emik—Schairelmann theory． 

Lemma 7 Let X be a Banaeh space，A art open sub— 

set of X，andf∈ C (A，R)．Let G be B compact Lie 

group，T(G)B linear continuous representation with equiva— 

rlant distance and M a C ～ submanifold of A．AF~ume M 

andf both 81"e invariant under T(G)，f satisfies the Palais 

— Smale condition on．some dosed subset N of M ． 

Let i be a T(G)一invariant index．Let c =inf c )≥ 

sup } )，m=1．2，⋯，where AcN。A∈三={BcNl 

B is (G)．invariant and closed in Nt．then 

(1)when一∞<c <+∞，c is B critical value of 

(2)if一∞<c=c ⋯ -=c <+∞，then i 

(丘)≥ ，where ={ ∈NIf'( )=O，l厂( )=cI； 

(3)c ≤c 

Lemma 8 If r is an even positive integer and is a 

critical point offin，，which has minimal period 7"／m， 

≠1，then ≥3and ( )= (I，m)satisfiesthat 

f( )≤ C 

where c6=(n+1 8)·[9(a+2)]一 -c 

Proof (i)From the even property for r and( ．一 

)( 1)=A(2 ／r)( 一 )(I)we have( 一 ) 
t 1)=一( 一 )( )．m≥3 foll。wB fmm the。ym． 
metry( 一 )( +1"t2)：一( 一嘶)(t)and ∈，[ 
^D． 

(ii)Bythe definition of we have 

f f)l 嘉』 d 

fV(v)d f ( )d 
咕 

By the process of the proof of Le mma 5，we have that 

)=告I∑m l l dt一} ( )dt≤ ‘ 
i= 

-  毒fm - - at—f c u，at 

f 1 2dt— u>dt=0i 1 l∑ l 一I《 ( )． = = 

』耋mil 一a f i 1 = ％ 

一 f c ，a = l孝m - - a 

)={睹mll ， r。_ 

÷)j ， 
d ≤ ·( 1+ 1) 

，( )≤ 

( + ) 

dt—j V( )dt： 

dt≤ 

( + 1)( 1+÷)～= 
- 井 ≤c 一声 

Now Theorem i can be proved by Lemma 2 an d Lem· 

mas 3—8． 

Proof Choose r to be a larger even positive integer s0 

that C2> Cj holds．Inequality C2>C5 implies that K> ． 

Thus by Lemma 3，the Palais Smale condition holds in_， 

We notethat Z[，bythe definition of ． 

Since i (Z )≥2·(N—1)-2 N，we arein posi． 

tion to apply the s’×0(2)一equivariant Ljustemik—Sehni— 

relmanntheory in N=，(see Lemnm 7)which yields the 

existence of 2-(_Ⅳ一1)·2 一N critical points{ ，li= 

1。⋯，2-(N一1)2 t[，offlⅣ．If were not of min． 

m 
∑㈦ 

『 ●●J 0 

∑㈨ ∑⋯ 

『 ●，  0 r ●●●● 
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lreal period Ttfrom Lemma 8，it would follow thatthere are 

such t h且i，(口．)≤ C6．r 2-．
．

Since t1．at f0r ∈ z， [ ] 

we have，( ．)≥Cj- ．So Lemma 4 and estimate C5> r】8] 

C6 would then imply a contradiction．Hence all critical 

P0lms ．h e miniⅡ1a1 pe l)d r and none of which can be [19 J 

b ou int。 h oth rby【h sta|ldard s。×0(2)action on [2o] 

【1。 EULER L．De motu roodllneo trlum oorpormn mutuo attrahent— 

iuml J J Novi Comm Aead SeiImp Petropl1．1767，145～151． 

[2j LAGRANGE J L[J]Ouvm．，1873，6：272—292 

[3] MOULTON F R．The straightline sdufions ofthe problemsof N 

bodies[J]Ann Math I1 Set，1910，I2：1～17 

[4] WINTNER A The analytical f~undations of edestial mecbanieB 

[M]Princeton：Prirw~ton Univ pL-e~．NJ．1941． 

[5] SMM~ s．To 。 and meehanles 1【j]．Inv Math．1970，10： 

305—331 

6] PAI2~ORE J Cla．-~slfying re]atlve equ／l／bfia t[j]．Bull Amer Math 

Soc．1973，79：904～908；11 Bull AMS，1975，81：489—491；Ⅲ 

Letter Math Pby，1975，I：71—73． 
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摘 要：利用牛顿势慧函的对稚性和等变Ljustemik—Sehnfrelmann理论及变分泛函在碰撞集上的值的下界 

估计和在临界点集上的值的上、下界估计，获得了关于给定极小周期的平面 N体型问题多个几何不同的非共线 

的周期解的大范围存在性的新结果。 
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