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Abstract: The fundamental group of compact isoenergy manifolds of natural 7-degree of {freedom Hamilta-

nian systems is discussed. It is demonstrated that a certain topology of corresponding accessible region in

configuration space gives rise to topological ebstruction to the existence of global Poincaré sections
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In the last decades, much progress has been made in
topology of Hamiltonian systems. A Russman school
headed by A, t. Fomenko-1), along the line initiated by
S. Smale in his paper topology and mechanics2!, has
svstematically introduced the topological invariants for
isoenergy mainfolds in integrable Hamiltonian systems
with two degrees of freedom and obtained a topological
classification of isoenergy manifolds in case of two de-
grees af freedom. Recently, A. Bolsinov, et al. 1) made
an exiensive investigation on topology of isoenergy man-
ifalds of natural Hamiltonian systems with two degrees
of freedom, giving a complete classification of 3-isoener-
gy manifolds in terms of Euler characteristic of the ac-
cessible region in configuration space and discussed the
relation between topology of isocenergy mainifolds and
the existence of global Poincaré sections( called complete
section therein}.

We investigate the topology of isoenergy of Hamil-
tonian systems with n-degree {2 >>2) of freedom and
its restriction against existence of global Poincaré sec-
tions. For the sake of convenience,we only consider the

situation where the phase is Euclidean space R*".
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1 Fundamental group of isoenergy manifold of
natural Hamiltonian systems
First, we consider on R*” the Hamiltonian function

of the form

H(Iv}') = %SI? + V(Jr']_q"'n_"i’;.)

where [ 7,v)E R” £ R" = R*". The function with the

abave form are usually called natural Hamiltonian {unc-

tion ([ 3]}. Throughout this paper we assume that H
{x.,y) is differentiable which clearly means that V is
also differentiable.

Assume that ¢ is a regular value of H{ x, ¥). It is
evident that ¢ is also the regular value of potential func-
tion V{v). Assume also that M=V '({—c0,c]isa
compact submanifold with nonempty boundary @ M =
VY ). In this section we investigate the relation of
fundamental group of isoenergy manifold H ' {c) wirth
that of M and 2A{.

Now let N be a sufficiently small collar neighbor-
hood of 3M in M ,such that N=V (¢ - 8,c)=dM
x[0,1] for a small positive number &, where “="

means homeomorphism, H { x, v} can be locally ex-
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pressed on D" < N as
H{xr.v) = Hlz.2) =

o
7

=1

Y+, 7€ D€ [0.1]

where 3" " R" is a small ball wth origin being the cen-
ter. In view of this f{act we van construct a covering
HU L Uatof H () as follows:

For aM T H "*(¢).let us consider a tubular neigh-
borhood of @M in H '{c¢). For the sake of conve-
nience.denote by D¥ X @M this neighborhood , D} is an
n-ball with radius ¢, Now take another smaller tubular
neighborhood of 2M , D)., = aM . Let

U, =Dy x2M

Uy = H'e) - DYy v aM
Then H N ¢)Z U, ) U,,and in addition, we have
UiN U, =D ~Dfn) » aM=8"1 . [0.1] - aM
Furthermore, it is easy to see that U, admits & natural
trivial fiber bundle structure

U, =81, M

where M =M - [0,e/2] ~ M, which is evidently dif-
{eomorphic to M.

For the fundamental group of H ' (¢}, we have
the following theorzm.

Theorem I The fundamental group = { H {¢))
ts tsomorphic to

iy (M) = [ (5" x x (M) ];
1.02) =2, (2). Ve & [m(5") - m(aNY]]
where
J:UN Uy > U,
and
UM U= U
are inclusion maps, respectively. The group o, (3 M) *
{m (5" 1) < (M)] is the free product of ©;{3M)
and (8" 1) X (M),

This theorem shows how the fundamental group of
isoenergy manifold H ™* (Ic} depends on the porential
function V(). Before proving this theorem, we give
some consequence of it.

Corollary I  For a Hamilionian systems H of
more than two degrees of freedom, il ¢ ts a regular value
ol H,then

o (H M) = {m (M) * (M),

jule) =k (2).¥Vr &€ m{dM)|
Corollary 2 In case of M being simply cannected
and »>2, H '{¢) is simply connected.
Proof
is simply connected. Therefore
Eolz) =e,¥2=m{aM)
Now it {ollows that {rom Theorem 1 that
il H W) = | (aM);
Julz)l = e, ¥z € maM)l =~ e

. . . . au-1 .
It is clear in this case that U/, =S8"""- M

Evidently the {ollowng holds.
Corollary 3 If @M is simply connected and »n >
2,then
gl H W)y == o (M)
Now we prove the main theorem.
Proof of Theorem 1 Applying Van Kampen theo-
rem [4] to the covering pair { U;. Uz | yields
o{H ) = m(U0, U Un) =
m (Up) # {505
jo{z) = k,(z),¥2 € [m(U;, N U
Keeping in mind that U, =D x M, U,=85"""'» M
and U; N U,=8""1«[0,1]x3M,we have
o (U = m(3M)
iU N Uy = (87 » m(aM)
Therefore
{(H(e)) = {x (aM) = (2 (S 1) » m(M)]
jo(2) = ko(2), ¥z € [m(S"1) » (M)
2 Topological obstruction to global Poincaré
section
In this section we will show how the fundamental
group of isoenergy manifold of a Hamilionian system af-
fecis the existence of global Poincaré section. First we
recall the concept global Poincaré section[5].
Definition 3 Let M be a compact connected dif-
ferentiable n dimensional manifold, and ¥, a smooth
flow on it. Suppose that there exists a compact n — I di-
mensional submanifold NC M having the flowing prop-
ETLIeS:
(i) every trajectory has a point of transversal inter-
section with N ;
(i) for any point x & N, there exists & minimal

time £y >0 such that ¥, x € N.

Then N is called global Poincaré section for ¥, . For »
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& N let ¥{x) be the first point of intersection of ¥,
with N [or ¢ >0, we get a globally deflined homecenar-
phism i N—N, () 1= called Pomcaré section map

The following known result [3,6] shows that the
existence of global Poincaré section inposes a strict wopo-
logical condition upon the phase space.

Lemma 1 I{ a flow on a manifold M has a global
Poincare section. then M can admit a [iber bundle struc-
ture with 5, being the base space. Furthermore ,the fun-
damental grovp sauslies

(M) n (N~ Z
where N 15 the global Poincaré section and 7 is the inte-
geT group.

Frem Lemma 1 and the discussion (= Section 2, we
abtam the following result.

Theorem 2 Consider on R-" the natural Hamilio-
nian system of the lorm

Hiz,y) = %_El:(': V(v
where {r ,3)E€E R" ¥ R"=R?*" , 7> 2 Suppose that ¢ is
a regular value of H{ x, v),.and the accessible canligu-
ration region V '({ — o, ¢ delined by the potential
[unction ¥{y) is simply connected. Then the Hamslo-
nian system H admits no global Poincare section in the
isoenergy manifold H 1 ¢},

Proof By the corollary 1,the vondition that ¥ 7'

136 — 142

{ =90, ] is connected implies that H™ (¢} is also sim-
ply connected. Therefore the fundamental group T,
(H ™)) s tnvial, this contradiets the asseruon m
lemma 1.
Remark In view of theorem 2,11 can be seen tha
although Paincaré section is powerful wol [or studying

dynamical behavior in Hamiltonian system. 1t is mot al-

ways possible 1o find a global Pomncaré section.
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