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In the last decades，much progress has been made in 

topology of Hamiltonian systems A Russian school 

headed by A．t Fomenko- ．along the line initiated by 

S Smale in his paper topo logy and mechanics。 ，has 

systematically introduced the topological invariants for 

isoenergy mainfolds in integrable Hamihonian systems 

with two degrees of freedom and obtained a topological 

classification of isoenergy manifolds in case of two de— 

grees of freedom Recently，A．Bolsinov，et a1． ，made 

an extensive investigation on topo logy of isoenergy man— 

ifolds of natura1 Hamiltonian systems with two degrees 

of freedom，giving a complete classification of 3-isoener— 

gY manifolds in terms of Euler characteristic of the ac— 

cessible region in configuration space and discussed the 

relation between topo logy of isoenergy malnifo[ds and 

the existence of global Poincar~sections(called complete 

section therein) 

We investigate the topology of isoenergy of Hamil— 

tonian systems with —degree(n>2)of freedom and 

its restriction against existence of global Poincar~see— 

tions For the sake of convenience，we only consider the 

situation whefe the Dhase is Euclidcan space R ． 

1 Fundamental group of isoenergy manifold of 

natural Hamiltonian systems 

First．we consider on R the Hamiltonian function 

oftheform 

H( ， )： 1∑z +V(y 一 ．) 
-  

i 

where(z，Y)∈R ×R =R 。The function with the 

above form are usually called naturaI Hamihonian func— 

tion([3])．Throughout this paper we assume that H 

( ，Y)is differentiable which clearly means that V is 

also dlfferentiable 

Assume that c is a regular value of H( ， )．It is 

evident that c is also the regular val ue of potential func— 

tion V( )．Assume also that M ：V (一∞，c]is a 

compact submanlfold with nonempty boundary a M = 

V一‘(c)．In this section we investigate the relation of 

fundamental group of isoenergy manifold H (c)with 

that ofM  and aM  

Now 1et N be a sufficiently small collar neighbor— 

hood of aM in M ，such that N：V (c—d，c)兰aM 

×[0，1]for a small positive number d，where“兰” 

means homeomorphism，H ( ，Y)can be 1ocally ex一 
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pressed on D”xN a 

H( ， )： H( ， )= 

·}∑z + ， ∈D ， ∈[o，1] 
i 

where D”[ R is a small bah wth origin being the ten— 

ter．In view of this fact vce cat]construct a coverb~g 

：u】，U2：of H (c)as follows： 

For aMCH一 (c)，let llS consider a tubular neigh— 

berhood of a M in H (c) For the sake of oonve— 

nience，denote by D ×a M this neighborhood，D is an 

． be ll with radius e．Now take another smatler tubular 

neighberhoo d of aM ，D ×aM ．Let 

U1= D × aM 

U2=H (c)一D ×aM 

Then H一 (c) U1U u2，and in addition，we have 

ul n U2=(D：’一D ／2)× M 兰 S一 ×[0，1]×0M 

Furthermore，it is easy to see that U 2 admits a natural 

trivial fiber bundle structure 

U = S × M 

where M =M _l0，￡／2]×aM，which is evidently dif— 

feomorphictoM 

F0r the fundamental group of H。。(c)，we have 

the following theorem 

Theorem l The fundamental group 1(H一 (c)) 

is isomorphic to 

{ l(aM)*[ 】(S 一 )× 1(M)]； 

n ( )= ( )，V。∈ [ 1(S )× 1(aM)]} 

where 

：U1 n U2一 UI 

and 

：Ul n U2'一 U2 

are inclusion maps，respectively．The group I(a M)* 

1(S 一‘)× 1(M)]is the free product of I(aM) 

and 1(S 一 )x 1(M)． 

This theorem shows how the fundamental group of 

iaoenergy manifold H一 (c)depends on the potential 

function V(jr)．Before proving this theorem，we give 

some consequence of it 

Corollary l For a Hami[tonian systems H of 

more than two degrees of freedom ，if c is a regular value 

of H ，then 

I(H (c))≈ { 1(aM)* 1(M)； 

， ( )=自 ( )，V ∈ 1(aM)I 

Corollary 2 In case of M being simply connected 

and >2，H一 (c)is simply oonneeted 

Pr彻 f Itis clearinthis casethat U2= S一 ×M 

is simply connected Therefore 

( )= ，V 2： 1(aM) 

N。w it follows that from Theo rem 1 that 

1(H一 (c)≈ { 1(aM)； 

J (。)=P，V z∈ 1(aM)I≈ 

Evidently the following holds 

Corollary 3 If aM is simply oonnected and H> 

2，then 

1(HI1(c))≈ { 1(M) 

Now we provethemaintheo rem 

Proof of Theorem 1 Applying Van Kampen theo 

rem [4]tothe covering pair{U】，u2I yields 

(H (c))="ar1(U1 U u2)≈ 

1(u1)* 1(u2)； 

(z)=k (z)，V z∈ 【 (U1 n U2)I 

Keeping in mind that U1兰 D × M ，U2兰 S ×M  

and UlnU2兰S一 ×[0，1]×aM，we have 

1(U1)= I(aM ) 

(U1 n U2)= 1(S ) (aM) 

Therefore 

I(H (c))≈ {-ar1(aM)*[q(STl ) (M)] 

j ( )=k．(z)，V ∈ [ 1(S )× 1(M)]} 

2 Topological obstruction to global Poincar6 

section 

In this section we will show how the fundamentaI 

gi-oup of isoenergy manifold of a Hamlhonian system af· 

feCtS the existence of global Poincar~section First we 

recall the concept global Poincar6 sectionl 5 J 

Definition 3 Let M  be a compact oonnected dif 

ferentiable dimensional manifold。and a smooth 

flow onit Supposethatthere exists a compact —l di— 

mensional submanlfold_N[ M having the flowing prop— 

err Ees· 

( )every trajectory has a point of transversal inter- 

section with N ； 

(ii)for any point ∈N，there exists a minimal 

time n>O such that 
．

JC∈N 

Then N is called global Poincar6 section for For 
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∈N，k【 ( )be the first point of intersection of ， 

with N for￡>0．we get a globally defined homeomor— 

phism ：N—N， (z)is called Poincar6 section map 

The following known result[3，6]shows that the 

existence of global Polncar6 section[nposes a strict topo— 

logical condition upon the phase space 

Lemma1 If aflow on a manifold M has a global 

Poincare section，then M  can admit a ftbe r bundle slFUC 

ture whh S l t：~ing the base space Furthermore，the fun 

damental group satisfies 

l(M)／ l(N)≈ Z 

where N is the global Poincar6 section and Z is the[nte— 

get group 

From Lemma 1 and the discussion is Section 2，％ve 

obtain the following result． 

Theorem 2 Consider on R the natural Hamillo， 

n[an system of the form 

H(x， )={∑z；+ ( ⋯ ) 
一 t 

where(z， )∈R ×R =R ，n>2 Supposethai．f is 

a regular value of H( ，Y)，and the accessible configu 

ration region V (一oo，c：defined by the p0lentlal 

function V( )is simply connected Then the Hamilto 

nian system H admits no global Poincar6 section in the 

[soenergy manifold H f c) 

Proof By the corollary 1．the condition that V 

弓 一 【和 

(一oo，c]is connected implies that HI1(f)is also sim一 

1)1v connected Therefore the fundamental group y／-1 

(H (c))is trivia]，this contradicts the assertion in 

】eFllma1． 

Remark It2 view of theorem 2，it CaH be seen that 

although Poincar6 section is powerful tool for s1udy[ng 

dyoamica[behavior in Hami]tonian system ．it is not a】 

ways possible to find a global Poincar6 section 
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自然哈密尔顿系统能量面的拓扑 

与整体 Poincar6截面的存在性 

杨 晓 松 
● -———--——一  

(重皮邮电学院非践挂系统研究所，重度400065) f8 

摘 要：讨论了 一自由度 自然哈密尔顿系统能量面的基本群。证明了构彤空间中与能量面对应的可迭区 

域 的某@4r,41-可以构成整体 Poinear4戡面存在一L生的41．,41"障碍。 

关键词： 一自由度；哈密尔顿系统；Poincar6截面 黼 由，碓彘啦 
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