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Image denoising based on adaptive graph regularization

LIU Guojin, ZENG Xiaoping, LIU Yi
(College of Communication Engineering, Chongqing University, Chongqing 400044, China)

Abstract: Adaptive regularization can select different parameters based on the features of local areas in an
image, which can differentiate the edges and noise in an image flexibly. An adaptive graph regularization is
proposed based on graph spectral theory and adaptive regularization, which uses the Non local means to
generate the weighting function of graph. The adaptive graph regularization equation is used to filter the
noisy image. Simulation results show that the proposed method can effectively remove the noise and is
superior to other graph theory based partial differential equation methods.

Key words: image denoising; adaptive regularization; graph theory; partial differential equation

% 2 Mg S IR AR A B vp R AL PR B R, S JE/’(f 0 fJ’ SRV /)_‘_L
(A8 X i B2 14 AR 43 A RS o o IR o i T O I/Tél,r}l WPy (
15y 77 2 (partial differential equation, PDE) fi{) 1E I
OB Sy LR S S Aok B 2 k2~ H
18 25 W 1) T D AR AR S 3t S oy P T 00 R 0 A
I FY) BE 12 BRI AR a8 gy O kA5 B KR L Y
i 5 73 7 e 3 SR A8 A 5l 23 T AR LA AR B AS [) g g
FEEBRAE R . AR — B OE AR AR S5 AR AL R]
FILA T 24 53t 5 A

p=1 or 2, @)
2D [ fog/ME T L 3 46 B2 B 5 A Euler-
Lagrange J7 #¢ E, k44 8], e A 0D . 24 p=1
B} . E, % % T Rudin., Osher 1 Fatemi £ #0724
p=2 W}, E, %)% F Tikhonov 7", A% FIE
Ak (78 Ay BERLAT AN R 2 AN e st AL 8 SUAE 3%
Srin s (] b T BT B O A B 5 S T (e S

W F5 B #A:2012-01-08

BT EEHARB I ITH (60971016) s T KT H 4R Bk 5 4 97 BT H (CSTC2009BB2358) 5 T PR K24 ¢ A=
B A BAIEH (200909C1015) 5 Hy sk i3 4% K A BB 45 9% 9% Bl 55 H (CDJRC10160003) ,

EEB N X ES 974 B BRI AR, TENEFS 56 LMy M5, (Te) 136094135135
(E-mail) liuguojing@126. com,



http://gks.cqu.edu.cn

64 TR K FFER

%35 %

B AN R IE I AT B HFNAS A 20 2 i Bai 4R

2007 4, Lezorary 4 i T —Fp 3t F & I 1E W4k
1 5 W0 TR0 R e i S T I OE Ak 1 A 56
BRI T Bk 2 B AL HBAAITE 2 AR
1) & (R A bR R0OAS BB 78 43 B BEUR 5 28 22 () 1 A G
P SCHERCO T4 o B A EE eR B0 R 1) L W
PR . 2) SO 4 I IE WL F p 2 1 1Y
(p=15K p=2) AReiE N B S5 122 4k .

B R O ERE B 1 A ATE = 4
T 23 0] - [ 4 TR R 2 W [ 8 5% Ak R 7E 1 14 |
49 1E DU A 4 a5 YRR R 2 T8] Y 56 3R 0k AR i
TG ] B W AU P 3 o T T i @ AE R O AR T
LM RL, 2 g5 R IR L A IS I OE Ak Oy AR R T
FeW . IR — AR I X A A ) PR R R
SEAEAT A B o UE B ] ) B 3E NI DA R L

1 BEEEMENLER

L1 EpREMHIPEN
N T R R B AR B 2540 BN 2 R AR S
B I 5 e PR AR s i — A~ 8 3 H2 T 1 IR
AT B P 7 PR B 5 3% A T 2 )t Sy —
—%f R X Z& . K Non local means 2 " i 1y 41
LB R TT R A 2 iR . iR
R 1) 3o i K PR T K BE R 10 78 Al S5 81 320 7Y
W A PR
J | ICND —I(N) | .,
exp< 2

K

), i~

0 s

w(i,j) =

(2
X i~ BB E G R TR AR R
B TOND RN TON) 53 51375 — A9 1o 4 1L Horp 2R
GG 2K FEAH
| ICN) —I(ND | ., = d,(i,j) =
G, || ICND) —I(N) || 5, (3
XiF T AR e S A S, b A 3R AR S A Al
TR ER R KB A . ok R, SRR
J& T 16— A DX s o (e ) BB K5 T 2 AR A
BT AR R w(, ) BER/N, G, B
SR D MRS B RS o B R T A R )
P R FH 2 AN R BEAR 1) f2 LCND AL LCN) 22 [ 9 AR 1B
MR 2 MR R M Z AR, BT Ul
B TR 2 S IE TR 6 0 3R R . AN R B 22 ] A A
ol B X i () A EE 5 T
1.2 BELEHWBEMENHEE
EXE G=(V,E), B L& & R AA 55 2

otherwise.

B 1 ETF NL-means IE#E. B wip.q)F wip.q)
EEBRKRKME. M wp.¢: HENNRS

HV) . Xf—ANCReEg € HV) B EENAERY
FEAR S M R S € HV) B EAE R
G R NESE A L R, X—
H T LAE o /e 2 AR I Fok ik 8], L
AR AR K B IS N OE AR T R CTEAT B AR A
g b1 TG ) KA BT s L 5 A D B
B IO BN TR AT R R

{E=E5+ED = |
f% = min 2 (7
FEHW) EH ~.f PmJF/\E | f=r H_f
vEV vV
1< p<2, S

A IEMESH p 2 B IE DAY S BB — 00 1
WAL S5 pCo) SR IR TS B B | o | B
FE S B
pw) = pCl . fl). (5)
— B E LR
lim_.,p(s) = 2; (6)
lim,,.. p(s) = 1; P
) Y 28— TSI L e AR S I E AR AR
IS 2 B 0. 8 W R m T, TS
FRMEREE T /. PIAs I H e E A=0 WAFE R &M
WLLE 2 Iz . E R E s 1 E, AR &
KT AR G R R AR O R B M
M 1<<p<<2 B, XD By J LAk ) BUA ME— 1, X
Al WG 2
Z—Ij‘fv:o,vvev, (8)
SR (O IEEH
(A, f () + 24" () — 2 () =0, Yo €V,
(9
KO £ Bt O Mg, RIECERI3]
FSESIRANN <Y
(A, ) () = D7) (f(0) — f(u), (10)



http://gks.cqu.edu.cn

% 10

X B 4,5 AL fE RN B LR 65

Yo = wluw,o) | 7 £ |7+ | v fGo |77,
(1)

I fll = lIvfwl =

JE@wwxﬂw—ﬂwv, (12)

Hp, A, R E E p-Laplace BT, f(0) %%

EXFEEPTE v FAERE . w(u, v) B/RES u.v

Z P 7 f) FoR TS v LW f R B,
A (10, (1D, (A2) e AR 9, 155

m+§y ) (o) — Eymmv<m

2210 (v) V"UG v, (13)
1.3 Gauss-Jacobi ERBERFE
H Gauss-Jacobi U S gy e = (1D B 5
o WP EG R AD S « D1t
BREC I BIE /O TV 7. XA Gauss-
Jacobi IR KR Ny

f(Hrl) (Z}) -

22

() +
m+§)mww>

Ey%uwfww
21+ zy“) (usv)

Hor v )2 y<u,v>f§§ WA, FTLLE B,
SOEGHDBMEBIET 2 . f £ o M5
B /" Co) Bl v &P 45 e ¢ B0 f MH

#4500, QD) w1/ A3 W ER T E AL
KRN

,Voe V,(14)

/=1
Y (usw) = w(u,v)( = 1 o T
et [V | ‘
1
54—|\<7f“”><u>H2*N‘VMW>>’
£ ) = 2 S+
22+ Z“w}’t(u,v)
> Y wso) [
24>, Vv
(15)

XFF LA BT Y p BUREE (AR A AT i —
SRR TR R

DY p=28,XADOMERTEER N
=171
. 2
(t ”(‘U) —
/ 22+ Zw(u,v)

f‘()(‘U) +
, (16)
Zu(u,v)fm (w)

9v7)€V
m+§pwm>

%’[w(uqv)zl,V(u,‘Z})GEvi‘Xl* u
I+ Tikhonov #& # B —Fh B8 851k .

24 p=180. RADORE T RERWT
=1

Y (usv) = w(u,v)(

1% 25 73 6]

1
Ol

€ \ ] u )
H h )(' ) H

27
f“+l> ('U) - f() (‘U) +
2/1—’— Eumy'}/z(u,v)
E,M,)’[(u,v)f(u)
2A+z 72(14"0) |
Mowlu,v)=1, VY (u,v) € E, X~ B 1 3% 45 23 7]

b TV e, N p=1H p=2 150l
DA H o SCHRES T B I 52 N 2002 e 491 17 00
SEBRI R T sl AR T it S B

O | uf |+ A 0 T AR TR e+
| oo 7 B e €0 MUY IE 4
AR 10

2 BEEMNEEZHEMESLIH

O FH B R 5 e R KR — 1> 8 42 T In]
RS 5 P I 7 R 1 18 3% s R L ) T st =2 (] A ST
—— X NLR AR

QFN 2 20 2O T3 B 3 Z A AL EE

OF 3R I /N wa s =N = B A o IR A= R '
p(v),

_ 1 _
PO = TG o 17
1
1 —, V., (18
+1+kvauoW voe V. as
ﬁ: s N EET\ “u\:
Hf k= mean va( T =3.G, J& 8

s (O FRRE LR (&S m BRI R,
ORPFEAX Q) PFFTENTE,

O R 7 A HE I L 432 1 2 L 15 1) 5 2 22 W 5 F
E% .
3 LWHERMOMH

S R 56 B9 ) I kR A St L 23 R AR
4 [ M 4401, 2 T Non local Means (#4485 # 7
%5, Olivier Lezoray B B IE W A6 52355 (5256 s
XZBEIEN p=1 80 p=2 43 # 7% &, HE T
FEE R 1% )& Non local means $.9%) #F 17 X} H ik
Byo SRR 2 AR R A R RE S



http://gks.cqu.edu.cn

66 TR K FFER

35 %

/N7 22 (RMSE) 258 A 8L 58 (structural
similarity index, SSIM )% 3 i & 4% fil &0 vk 11y 2= gt
PERE . SSIM BYIREIE Bl 72 0~ 1 2 [ 5 J{F 4 3
1027 1 10 4 T D s TG R AR
LMRROCR AT . LIRSS RN 2.3 PR,

& 2 2 %F = Wi M 7S (mean=0, variance=10)
[ 256 X256 HrfE JKEE R lena. bmp Y 25 MR XS
Foo T . I 2 () ~ (D 2 KGR
TR R NRR SR EALE W |7 S 1] /0N T A8
A1 AR e AT DL DR A 2 UG v B 30 BURRAE L OF:
T 30 B WSO Sy 2 MR ROCR A — A LB

K 2(b) o7, A MR 7S T S A 3
FRAE A7 2 Hy M 75 7 A B 5 R 30 R RRAE 09 T4 A8 AR
A AS T F00E DL BEA 18] 2 (o) R L e ad [ 3 1 Y I
DA 25 M g e MR RS A AR 25 B A T T TR R Y
NFFIE BB AR B T ok 2(d) R, &t
Pp=2 BYIE ) A 2 M ek A L 7 IR S 2 B e 0 [ I
— S T A0 2 SRR E AL B T A R AN T L
kB AT ER Ay E 2Ce) Bon . &at p=1 i 1E N
A2 W B L il SRR WAS B T AL AR LB
AH 22— 43 W 75 VA A A b 25 R T w0 R
TER A R OR B8 T T ok . Z% B RTAR . B 3E WAy GE
o3t R 1 P AR 2 MR S8R A M S 25 R R 0 R A O 7
LG R BT p=2 F p=1 AYIE I Al F2 W 3ot
. X 2o R 2D 45, [ 35 R IE AR %
M 2R 5 SCHR L9 Y PAZ A 97 HIC 25 W 550 02 LU SR

10.5¢
heat kernel diffusion
100} ———rp0)
......... p=
9.5 ‘}“ -
9.0t}
85} 13
A 80l 3
=751
70L
6.5[
6.0[

55

0 1 2 3 4 5 6 7 8 9

(g)
0.90T
085
=
= 0.80
w2
0.75
heat kernel diffusion
0.70 ———p=p(v)
......... p=2
——eop=l
0.65

0 1 2 3 4 5 6 7 8 9
iterations

(h)

2 BEBREREEHREIT
(256 X 256 % #E 7% FE B 1% lena. bmp) ,

Ca) b o [R5 B et 4 AR 5

(b) E 1 3 (mean=0, variance=10) 4% & H.ih 4 K 1%
(o) F 38 I b IR AR RS (p= p(v)) 23 1Y
B M 2 AR (D SCERES I R p=2 n9 1 EIENfk
FMEEG KD G E G (o) SCRIS I p=1 ME LIE
Ak, 2 e T 45 e H 3 25 MG s (D SCRRES 17 1k 1y 2 M TR {5
LG EG; (@) KT EAUWE RMSE Hi £k ;
(h) & TR BN SSIM £k ;

El 2(g) (h)Z LA L 3 P br b & & A 17 1 22
fehzk . ® 2(e) Bon . 253 B & N K EEN4E %
MR EN ) RMSE HAK T p=2.p=1 B9 & EIEN
b 25 WA RN HAZ B 1 2 M A5 31 1) RMSE A, 2(h)
WoR .20 Bl N ey B E AR £ 1S B R SSIM
HE Tl p=2.p=1 & _EIE Nk 2 W R A% 3
2 A5 2 ) SSIM A,

B 3 2% B A (mean=0, variance=15)
f) 256 X 256 bRl K IR girl. bmp /9 25 W RCR XF



http://gks.cqu.edu.cn

% 10

B e, B LA E Ry ER A AE LR 67

L o B B TG X8 17 1 300 5 [T A5 o 8 7 0k 26 MR R
(R

Hy & 3Ch) AL i A M B S A o 1R
— SRR 37 3 W FE ) EE TR G Y R A ) —
W LT 55 SR A FOHELLBEIA s I 3 (o)
AL 25 B A A T ) AR R TR RS A AR R BR
T G b 1 300 R AR 3 A AR B T R T RE R L
EAE RS i 3Dl L, 253 p=2 [ IENIfk
J M kR A R PR B 2 B LA (] R 40 i B 2 U L i
M I ) S0 I A R AIE AR A5 JC R BE A b I3 Ce) AT AL
23t p=1 W IE Ak 25 M ik A2 L BEOAR KR 43 i SRR AIE
(CEINEE g Y S S I S ST ol e
SO AT L, 28 3k B HIC L W L W8 P 25 Bt (HL7E
P B2 1 FRRAE D7 AT 2 B AS An 8 3 0 Y o ) Ak
. mE 3Cg) (h) Al L. 7 RMSE, SSIM 4 §E 48 b5
TR BT 58 2 AL 2

M 2 F3 A LA R 4598

OF P rfg ik 2 RMSE £ ik. 4 RMSE
H PSNR Z 8] 19 56 2 WA 6 B 55 % PSNR iz 5 5

QFFEZEE T B LG 3 1 SSIM 45 5 fx
o Ul 2 M S 1 A5 R I ey T R R B AT 1Y
SEAE AR

heat kernel diffusion

14 A —==p=p(v)

RMSE

0o 1 2 3 4 5 6 7 8 9

iterations

(g)

heat kernel diffusion

)
17 —=—=p=p(v)
os0f/ | p=2

——..p=1

0o 1 2 3 4 5 6 7 8 9 10 11

iterations

(h)

3 BEBEREEHREILE
(256 X256 #p i JK & 1% girl. bmp)

O FREENG B IR B 55 (b) @35 (mean=0,
variance=15) Q& M 2 MG (o) H TG ML IA] B I ki 7y
(p=p() ZWEHY ER T FR G G 5 (D SCHRLS i p=2

A B 1 E DA 25 M AR R R % G 5 (o) STERLS I g p=1 1Y
Pl L T U Ak 2 M PR R G 4 PRIAG (D SCBRC6 7 ik 11 25 B LR
RN GRS (9 KFERKRE RMSE 4k (hy EF ikt
YR SSIM £k 5

TR

PE T —FPE b [ E R IE Ak ke
i non local means 551244 3t 1] 19 A 0 o 4K 3 1 [
R E NI S SRR ) L, SRR A R R 5
53 B B o 7 R D7 A B i O vk R AT Y
eSS, A ) RMSE I & 1 SSIM, 3% F %
B MR L UL L O AR DL b X 4% T 1 e 4R
PR 434 AT DAAS e IS R A T e A 2 e
P AR BRPERE ST p=2 M p=1 K& FIEW
2 MR AR RRI AL IO 2 MR AR



http://gks.cqu.edu.cn

68 TRRKFFR % 35 %

S 30K

[ 1] Aubert G, Kornprobst P. Mathematical problems in
image processing: partial differential equations and the
calculus of variations M]. Germany: Springer, 2002.

[ 2] Chan T F, Shen ] H. Image processing and analysis:
variational, pde, wavelet, and stochastic methods[ M].
Philadelphia: and Applied
Mathematic, 2005.

[3]LiuG]J, Zeng X P, Tian F C, et al. Speckle reduction

Society for Industrial

by adaptive window anisotropic diffusion[J]. Signal
Processing, 2009, 89(11):2233-2243.
[4]Yu] H, Wang Y Y, Shen Y Z. Noise reduction and

edge detection via kernel anisotropic diffusion [ J J.

Pattern Recognition Letters, 2008, 29 (10 ):
1496-1503.

[ 5] Krissian K, Westin C F, Kikinis R, et al. Oriented
speckle reducing anisotropic diffusion [ J ]. IEEE

Transactions on Image Processing, 2007, 16 (5):
1412-1424.

[ 6] Rudin L I, Osher S, Fatemi E. Nonlinear total
variation based noise removal algorithms[J]. Physica
D: Nonlinear Phenomena, 1992, 60 (1/2/3/4):
259-268.

[ 7 ] Tikhonov A N, Arsenin V Y. Solutions of ILL-posed
problems[ M]. Washington D. C.: V. H. Winston and
Sons, 1977.

[ 8] Lezoray O, Elmoataz A,

Bougleux S. Graph

regularization for color image processing[ J]. Computer

Vision and Image Understanding, 2007, 107 (1/2);
38-55.

[ 97 Zhang F,
smoothing using the heat kernel [ ] ].
Recognition, 2008, 41(11).:3328-3342.

[10] Chung F R K. Spectral graph theory [ M]. Fresno:

Hancock E R. Graph spectral image

Pattern

American Mathematical Society, 1997.

[11] Buades A, Coll B, Morel ] M. A review of image
denosing algorithms, with a new one[]]. Multiscale
Modeling and Simulation, 2005,4(2): 490-530.

[12] Chambolle A, Lions P L. Image recovery via total
variation minimization and related problems [ ] ].
Numerische Mathematik,1997.,76(2) . 167-188.

[13] Chan T F, Osher S, Shen J H. The digital TV filter
and nonlinear denoising [ J ]. IEEE Transactions on
Image Process, 2001,10(2):231-241.

[14] Greenbaum A. Iterative methods for solving linear
systems[ M]. Philadephia: Society for Industrial and
Applied Mathematics, 1997.

[15] Kincaid D, Cheney W.  Numerical analysis:
mathematics of scientific computing [ M ]. 3rd ed.
Pacific Grove: Brooks/Cole(Cengage Learning), 2002.

[16] Wang Z, Bovik A C, Sheikh H R, et al. Image quality
assessment; from  error visibility = to  structural

similarity[ J]. TEEE Transactions on Image Processing,

2004, 13(4):600-612.

(mE & #

~IPNIPNLPNLPNLD NI LD NP NZD NP NLLDNZD NI NLD NP LDNZD NP LD LN LDNZD NP NLP NP LDNZDN DL LDNZD NN ZPNLDNLDNLD DL~

(E#% 62 5O

[13] LiL, Tong C S, Choy S K. Texture classification using
refined histogram [ J]. IEEE Transactions on Image
Processing, 2010,19(5). 1371-1378.

(147 MR 20, X6, EEEFEIMI. Jbat: L ok
th At 2008.

[15] ME=TEH. BeFRBA M. 2 L. Boiks, Bo 4 .
B dbat i Tolk iR AL . 2007,

[16] Chang T, Kuo C C 1.

Texture analysis and

classification with tree-structure wavelet transform[ ] ].

IEEE Transactions on Image, 1993,2(4); 429-441.
[17] Nguyen T T, Oraintara S. The shiftable complex

directional pyramid-part II. implementation and
applications [ J]. IEEE Transactions on Signal, 2008,

56(10): 4651-4660.

(4 & #)



