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Local structural derivative constitutive model of ultra-slow

creep in viscoelastic materials
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Abstract: In order to describe the ultra-slow mechanical behaviors of viscoelastic materials, a constitutive
model based on the local structural derivatives is proposed in this paper, in which In* (1 ++¢/7,) is the
structural function. The new model has clear physical meaning and can accurately describe the very slow
mechanical behaviors of viscoelastic materials, which is logarithmic-law dependent. Both of the traditional
integer order and the fractal derivative constitutive models are not capable of quantifying the ultra-slow
mechanical behaviors of viscoelastic materials. Currently, the Lomnitz model is commonly used to study
the ultra-slow mechanical behaviors of viscoelastic materials, but it is an empirical model with unclear
physical meaning. The creep experiment data of concrete under different experimental conditions were
employed to compare the four models in analyzing the ultra-slow mechanical behaviors. The fitting results
show that the local structural derivative model is feasible and effective in describing ultra-slow creep of the
concrete. To give the applicable scope of different models, this paper also provides the local structural
derivative Kelvin model to describe ultra-slow creep, which compared with the above mentioned local

structural derivative Maxwell constitutive model.
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Fig. 2 Schematic diagrams of integer order Maxwell model and integer order Kelvin model
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Fig. 4 Schematic diagrams of fractal derivative Maxwell model and fractal derivative Kelvin model
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Fig. 6 Schematic diagrams of local structural Maxwell model and local structural Kelvin model
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Table 3 Comparison of creep in three different Kelvin models
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Fig. 7 Comparison of relaxation modulus in different Maxwell models
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Fig. 8 Comparison of creep modulus in different Kelvin models
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Fig. 11 Fitting results for the first creep experimental data set of the concrete by using the classical integer order model, the

fractal derivative model, the local structural derivative model and the Lomnitz model
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Fig. 12 Fitting results for the second creep experimental data set of the concrete by using the classical integer

order model, the fractal derivative model, the local structural derivative model and the Lomnitz model
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Fig. 13 Fitting results for the third creep experimental data set of the concrete by using the classical integer order model,

the fractal derivative model, the local structural derivative model and the Lomnitz model
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Table 4 The values of the parameters in the local structural derivative model
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Table 6 Comparison of goodness-of-fit in different models
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4 & it

e 8 11 B S A6 T T T T 3R i O K B I A e AR o T R ORI R TS T T A R T R A MO K A i R
TR X YRR T R R R G AR (9 124178 . Lomnitz AR B 8K 1T DL F 1 iR RR 42 05 A5 1 12447 (0
BB HE-AEBE, Y SO B, sl EREESE, SCh i 51 Alne (1+1/70) 1R NS5 iR
B ST B JRy S A AL S RO R AR IR L B A0 T A LA O SO R RO SR AR R AR ) R AT T 3
TR G e I A S I8 R IR TG R R ) AT O B AT AT, R G R R R g3 TR 5 R R
Lomnitz # BUAR L . Jay 0 45 #a) 5 A00RE 0 A 200 100 e 12 055 722 7 2 D O Tl EL AT B S g 3

ARG S5 TR 45 F 5 K Maxwell A5 BUAS K 75 2, ] 4532 468 250 T vk 4 18 0 4 102 A8 O O ) 5 22 2o 78 1400 463 17 )
O ALt A . ARG SR AR A H R Kelvin BRI J7 8 L 0] A3 20280 HBE R A 00 4 NS D 0 A 5 A8 i 7
I HLICHE AR G 5 PR AR R st B S5 ARG At AT R ) 46 AR S 0 A I AR A

SC AP 3 B SC T A R R RS L e ) A 1 G A ) S A O RS R o A A ot A TR ) 56 G K A S B T A
PE— 2B HETE . FLUC, B S A BE SR Lomnitz #ERJ2: JR B 25 4 3 50 Maxwell B8 (1 e R IE 50, Ry 8
450 5 B Maxwell B8y Lomnitz #6581 52 £t 1 WA 09 9 2R A B DR g, SCAP A T T Jm 3 45 4 & %K
Maxwell Y, I 5 H 5 FEABAR Y BEAT XS L, X J5 dR 4 4 5 2 Keelvin #8819 I R AE S 5 19 TAE P o8 3% . B
Ji o VA OURSE R 0550 gt A B9 7 06 i R G TR B 8 04 0 22 A O A 5 5 AR Y SOV 85 40 K A i T A T 5
Mt — 2 23 B A ag

S 23k

L1]B#SE, &, oo, . Frss 5 M. dbat: Bl pidt, 2004.

Yang T Q. Xu P, Luo W B, et al. Viscoelastic theory and applications[ M]. Beijing: Science Press, 2004, (in Chinese)

[ 2 ] Maxwell J C. On the dynamical theory of gases{ M]//Kinetic Theory. Amsterdam: Elsevier, 1966: 23-87.

[ 37 R, PR3, sk, 5. A B I BOMFE BT 24 1 43 B0 S 8oe S e (], i B2 A %, 2015, 36(11)
1117-1134.

Pang G F, Chen W, Zhang X D, et al. Fractional differential phenomenological modeling for diffusion and dissipation
behaviors of complex media[ J]. Applied Mathematics and Mechanics, 2015, 36(11): 1117-1134.(in Chinese)

L4 ] MR, R4, FMEK. L8025 B OE R F SR A 247 [T, #F 2565 TR, 2007, 3(1): 157-160,166.
Ye Y D, Zhu H H, Wang R L. Analysis on the current status of metro operating tunnel damage in soft ground and its
causes[ J]. Chinese Journal of Underground Space and Engineering, 2007, 3(1): 157-160,166.(in Chinese)

[ 5] Cai W, Chen W, Xu W X. Characterizing the creep of viscoelastic materials by fractal derivative models[ ] ]. International
Journal of Non-Linear Mechanics, 2016, 87 58-63.

[ 6 ] Long J] M, Xiao R, Chen W. Fractional viscoelastic models with non-singular kernels[J]. Mechanics of Materials, 2018,
127 55-64.

[ 7 ] Bonfanti A, Kaplan J L, Charras G, et al. Fractional viscoelastic models for power-law materials[J]. Soft Matter, 2020,
16(26): 6002-6020.

[ 8] Yang X, Cai W, Liang Y J. et al. A novel representation of time-varying viscosity with power-law and comparative

study[J]. International Journal of Non-Linear Mechanics, 2020, 119: 103372.



% 3 TR, F AR EM ARG R R R LM FRAMBR 61

[ 9 ] Lomnitz C. Creep measurements in igneous rocks with some applications to aftershock theory [D]. Pasadena: California
Institute of Technology, 1955.

[10] Su X L, Chen W, Xu W X, et al. Non-local structural derivative Maxwell model for characterizing ultra-slow rheology in
concrete[ J]. Construction and Building Materials, 2018, 190(30): 342-348.

[11] Yang X, Liang Y J. Chen W. A local structural derivative PDE model for ultraslow creep[J]. Computers & Mathematics
with Applications, 2018, 76(7). 1713-1718.

[12] BR3C. B2 R AR A2 B OB 3 B B 430 23 A LT ). 35 PLA B T2, 2017, 26(3): 1-5.
Chen W. Fractal analysis of Hausdorff calculus and fractional calculus models[]J]. Computer Aided Engineering, 2017, 26
(3): 1-5.(in Chinese)

(137 IRAEJE. 4308 K o3 B 5 A5 v ok B al AR R RLDF 58 (D], g 5« 0 5%, 2017,
Su X L. A study on fractal and fractional derivatives viscoelastic rheological models[ D]. Nanjing: Hohai University,
2017.(in Chinese)

[14] BR3C, B3, BER. RE S SRR AT, BT 24, 2016, 37(5): 456-460.
Chen W, Liang Y J. Hei X D. Local structural derivative and its applications[ J]. Chinese Journal of Solid Mechanics,
2016, 37(5): 456-460.(in Chinese)

[15] Maia L, Figueiras J. Early-age creep deformation of a high strength self-compacting concrete[ J]. Construction and
Building Materials, 2012, 34: 602-610.

[16] Charpin L, Le Pape Y, Coustabeau E, et al. A 12 year EDF study of concrete creep under uniaxial and biaxial
loading[ J]. Cement and Concrete Research, 2018, 103: 140-159.

[17] Graybeal B A. Material property characterization of ultra-high performance concrete[ R]. United States. Federal Highway
Administration. Office of Infrastructure Research and Development, 2006, 1-176.

[18] Hetland E A, Hager B H. The effects of rheological layering on post-seismic deformation[ ]J]. Geophysical Journal
International, 2006, 166(1) . 277-292.

[19] Rocchi V, Sammonds P R, Kilburn C R J. Flow and fracture maps for basaltic rock deformation at high temperatures[J]. Journal
of Volcanology and Geothermal Research, 2003, 120(1-2) . 25-42.

[20] Mainardi F, Spada G. Becker and Lomnitz rheological models: a comparison[]J]. American Institute of Physics, 2012,
1459, 132-135.

[21] Harold J. A modification of lomnitz’s law of creep in rocks[J]. Geophysical Journal International, 1958, 1(1): 92-95.

[22] Mainardi F, Spada G. On the viscoelastic characterization of the Jeffreys-Lomnitz law of creep[ J]. Rheologica Acta, 2012,
51(9): 783-791.

[23] Garra R, Mainardi F, Spada G. A generalization of the Lomnitz logarithmic creep law via Hadamard fractional calculus[J].

Chaoss Solitons & Fractals, 2017, 102 333-338.

(8} AP



